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ABSTRACT

The present paper proposes a class of iterative deflation
algorithms to solve the blind source-factor separation
for the outputs of multiple-input multiple-output finite
impulse response (MIMO-FIR) channels. Using one
of the proposed deflation algorithms, filtered versions
of the source signals, each of which is the contribu-
tion of each source signal to the outputs of MIMO-FIR
channels, are extracted one by one from the mixtures
of source signals. The proposed deflation algorithms
can be applied to various sources, that is, i.i.d. sig-
nals, second-order white but higher-order colored sig-
nals, and second-order correlated (non-white) signals,
which are referred to as generalized deflation algorithms
(GDA’s). The conventional deflation algorithms were
proposed for each source signal mentioned above (e.g.,
[1, 5, 6, 8, 10]), that is, a class of deflation algorithms
which can deal with each of the source signals men-
tioned above has not been proposed until now. Some
simulation results are presented to show the validity of
the proposed algorithms.

1. INTRODUCTION

This paper deals with the blind source-factor sepa-
ration for the outputs of MIMO-FIR systems driven
by colored source inputs, in which the contributions
of source signals to the outputs of MIMO-FIR chan-
nels (contribution signals) are extracted from the mix-
tures of the source signals. To solve the blind source-
factor separation problem, a class of iterative algo-
rithms is proposed. The proposed algorithms are de-
flation algorithms which are obtained by modifying the
super-exponential deflation algorithm proposed by In-
ouye and Tanebe [1] to the case of MIMO-FIR systems
driven by colored source signals. Almost all conven-
tional deflation algorithms have been applied to blind
deconvolution problems under the assumption that source
signals are i.i.d. signals (e.g., [1, 6, 10]). Recently,
two algorithms were developed for extracting colored
source signals from the mixtures of the source signals
[5, 8]. They, however, can be applied only to the case

when the source signals are colored signals but white in
the sense of second-order statistics. This paper shows
that the proposed deflation algorithms can be applied
to the case when source signals are temporally second-
order correlated (non-white) but spatially uncorrelated.
Namely, even if the source signals are i.i.d. signals,
second-order white but higher-order colored signals, or
second-order correlated (non-white) signals, our pro-
posed algorithms can achieve the blind source-factor
separation. Such a class of deflation algorithms has
not been proposed until now. The proposed deflation
algorithms are referred to as generalized deflation algo-
rithms (GDA’s). Simulation examples are presented to
illustrate the performance of the proposed algorithms.

2. FORMULATION OF A BLIND
SOURCE-FACTOR SEPARATION

PROBLEM

Throughout the present paper, let us consider the fol-
lowing MIMO-FIR system (channel):

x(t) =
K∑

k=0

H(k)s(t − k), (1)

where x(t) represents an m-column output vector called
the observed signal, s(t) represents an n-column input
vector called the source signal, H(k) = [h(k)

ij ] is an m×n
matrix representing the impulse response of the chan-
nel, and the number K denotes its order. Eq. (1) can
be rewritten as

x(t) = H(z)s(t), (2)

where H(z) is called the transfer function, which is de-
fined by the z-transform of the impulse response {H(k)},
that is, H(z) =

∑K
k=0 H(k)zk. It is assumed for the

sake of simplicity in the present paper that all the sig-
nals and the channel impulse responses are real-valued.

The blind source-factor separation problem is for-
mulated as follows: The problem is to retrieve the con-
tributions of each source to each output, that is, to find
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signals cij(t)’s (i = 1, · · · , m; j = 1, · · · , n) defined as

cij(t) = hij(z)sj(t), (3)

where hij(z) is the (i, j)-th element of H(z).

s1(t)

sj(t)

sn(t)

h1j(z)

hij(z)

hmj(z)

yj(t)

x1(t)

xi(t)

xm(t)

wj1(z)

wji(z)

wjm(z)

gj(z)

Figure 1: Cascade system of the unknown system and
a filter.

Let us explain the scenario of solving this problem.
First, we find a filtered version yj(t) of source sj(t) as

yj(t) = gj(z)sj(t). (4)

The filter gj(z) in (4) is given by
∑m

i=1 wji(z)hij(z) (see
Fig.1), where wji(z) =

∑L
k=0 w

(k)
ji zk, and L is the or-

der of wji(z) and is a sufficiently large positive integer.
Then, gj(z) cannot be directly handled, because hij(z)
is unknown. The filter gj(z) is found by adjusting the
parameters w

(k)
ji ’s of the filters wji(z) (i = 1, · · · , m)

as shown below, because yj(t) in (4) can be calcu-
lated by yj(t) =

∑m
i=1 wji(z)xi(t). In this first step,

we consider extracting the filtered source signal yj(t)
from the observed signals xi(t) (i = 1, · · · , m), using a
deflation approach [1]. Next, the contribution signals
cij(t) (i = 1, · · · , m) of the source signal sj(t) are cal-
culated by using the filtered signal yj(t). Finally, we
calculate xi(t)−cij(t) (i = 1, · · · , m). After all, by con-
tinuing these three steps until the last contribution is
extracted, the blind source-factor separation problem
is solved. On the details of the procedure, see Section
3.2.

The problem of finding cij(t) can be considered as
follows, when the filtered signals yj(t)’s can be ob-
tained. It follows from (3) and (4) that

cij(t) = aij(z)yj(t), (5)

where

aij(z) = hij(z)/gj(z). (6)

Therefore, it follows from (2), (4), and (6) that

x(t) = A(z)y(t), (7)

where y(t) = [y1(t),· · ·,yn(t)]T and A(z) =[aij(z)]. Thus,
if the filtered versions yj(t) (j = 1, · · · , n) can be found,

then the original problem of finding the contributions
cij(t)′s can be transformed into the problem of finding
the transfer function A(z). Suppose the transfer func-
tion A(z) has no pole on the unit circle |z|=1. Then
the problem of finding A(z) becomes a conventional
(non-blind and non-causal) system-identification prob-
lem, because we know both of two signals x(t) and
y(t). Then, we can use the Wiener-Hopf technique (on
the second-order correlation technique) [4] to find the
transfer function A(z).

In the present paper, we choose that each gj(z) is
an Linear Phase (LP ) filter of the first type in which
the impulse response sequence of the LP filter is sym-
metric for the center of the sequence [7] or a Cascaded
Integrator-Comb (CIC) filter, that is,.

gj(z) = gj(1 + z + · · · + zM ), j = 1, · · · , n, (8)

where gj is a real constant, and M is an appropriate
order of gj(z). The LP property or the CIC property
of each gj(z) is fulfilled by the procedure for construct-
ing gj(z) mentioned below. We should note here that
the inverses of an LP filter and a CIC filter are, re-
spectively, unstable and not stable but critically stable.
Because an LP filter has always zeros on the inside and
the outside of the unit circle |z| = 1 [7] and a CIC fil-
ter has always zeros on the unit circle |z| = 1. This
means that A(z) given by (7) is unstable or critically
stable. However, we are interested in estimating A(z)
in the present paper. Therefore, A(z) is approximated
by a non-causal (double side) FIR transfer function of
a sufficiently large order (see Step 4 in Section 3.2).

3. THE PROPOSED ALGORITHMS

3.1. How to construct the filters gj(z)’s

The filters gj(z) (j = 1, · · · , n) are constructed by the
two-step procedure mentioned below. Before stating
the procedure, we introduce the following notation. Let
us assume that the filters gj(z) (j = 1, · · · , n) are FIR
filters as follows:

gj(z) =
M∑

k=0

g
(k)
j zk, j = 1, 2, · · · , n, (9)

where M is determined as M = L + K. For each j,
we introduce the following (M + 1)-column vectors g̃j

and ĝj as, respectively,

g̃j := [g(0)
j , · · · , g(M)

j ]T , (10)

and

ĝj :=

(
M∑

k=0

g
(k)
j

)p

1M+1, (11)

where 1M+1 is an (M + 1)-column vector with all the
elements being equal to 1 and p is a positive integer,
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the value of which is chosen by taking into account a
class of source signals. (See Remark 2 for the details.)
Note that g

(k)
j in (11) is the (k + 1)-st element of the

vector g̃j and that all the elements of the vector ĝj are
equal to the p-th power of the sum of all the elements
of the vector g̃j .

The vector g̃j is iteratively determined by the fol-
lowing two-step procedure:

g̃
[1]
j = Σ−1

j κj ĝj , j = 1, 2, · · · , n, (12)

g̃
[2]
j =

g̃
[1]
j√

|∑n
j1=1 g̃

[1]T
j1

Σj1 g̃
[1]
j1
|
, j = 1, 2, · · · , n,(13)

where (·)[1] and (·)[2], respectively, stand for the result
of the first step and the result of the second step per
iteration, Σj := E[sjs

T
j ] is the correlation matrix of

sj = [sj(0), · · · , sj(M)]T , and κj is the sum of all the
(p+1)st-order auto-cumulants of the j-th source signal:

κj =
∑

τ1, · · · , τp−1, τp︸ ︷︷ ︸
p

∈Z

Cum{sj(t), sj(t − τ1), · · · ,

sj(t − τp−1), sj(t − τp)} �= 0 (< ∞), (14)

where Z denotes the set of all integers and

Cum{sj(t), sj(t − τ1), · · · , sj(t − τp−1), sj(t − τp)}

is the (p+1)st-order auto-cumulant function of sj(t).
Moreover, the ĝj ’s in (12) are defined by (11) and (10)
for the g̃j ’s.

The two-step procedure (12) and (13) becomes one
cycle of iterations in the GDA’s presented in the pa-
per. To implement the two-step procedure, we need
the following assumptions:

(A1) The FIR transfer function H(z) is irreducible
[3], that is, rank H(z) = n for any z ∈ C (this implies
that H(z) has at least as many outputs as inputs (n ≤
m) and is causal).

(A2) The input sequence {s(t)} is a zero-mean
stationary vector process whose component processes
{si(t)} (i = 1, · · · , n) have all positive-definite Σi’s,
non-zero κi’s, and non-zero ρi’s, where ρi denotes the
sum of all the elements of the matrix Σ−1

i .

Let g̃j(l) denotes the (M + 1)-column vector ob-
tained in the l-th cycle of the iterations of two steps
(12) and (13), and g

(k)
j (l) denotes the (k+1)st element

of g̃j(l) determined by the relation (10). The important
thing of the two-step procedure is that the n vectors
g̃j(l) (j = 1, · · · , n) converge to the zero vector except
for only one of the vectors as the iteration number l ap-
proaches infinity (that is, l → ∞). This will be shown
in the following theorem.

Theorem 1: Let g̃j(0) = [g(0)
j (0), · · · , g(M)

j (0)]T be
an initial vector for iterations of two steps (12) and (13)
for each j = 1, · · · , n. Let αj be a non-negative scalar
defined as

αj =
{ |ρjκj | 1

p−1 |∑M
k=0 g

(k)
j (0)| if p ≥ 2,

|ρjκj | if p = 1,
(15)

for each j = 1, · · · , n. Let αj0 be the largest of the
scalars αj ’s. Suppose it is only one, that is, αj0 > αj

for all j �= j0. Then, as l → ∞, it follows

lim
l→∞

g̃j(l) =
{

0 for j �= j0,
ḡj0 for j = j0,

(16)

where ḡj0 := [ḡ(0)
j0

,· · ·,ḡ(M)
j0

]T �= 0.
Proof of Theorem 1: From (12), choosing j0 so

that
∑M

k=0 g
(k)
j0

(l) �= 0, we obtain,

|ĝ[1]
j (l)|

|ĝ[1]
j0

(l)|
=

|ρjκj |
|ρj0κj0 |

(
|ĝ[1]

j (l − 1)|
|ĝ[1]

j0
(l − 1)|

)p

, (17)

where ĝ
[1]
j (l) :=

∑M
k=0 g

(k)[1]
j (l) which is the element of

ĝj and the integer l denotes the iteration time.
Let us consider (17) in case of p ≥ 2. Note that

|ĝ[1]
j (l)|/|ĝ[1]

j0
(l)| is not modified by the normalization

of the second step. Therefore, it is possible to solve
|ĝ[2]

j (l)|/|ĝ[2]
j0

(l)| from the recursive formula (17), which
yields

|ĝ[2]
j (l)|

|ĝ[2]
j0

(l)|
=

|ρj0κj0 |
1

p−1

|ρjκj| 1
p−1

·
(

|ρjκj | 1
p−1

|ρj0κj0 |
1

p−1

|ĝ[2]
j (0)|

|ĝ[2]
j0

(0)|

)pl

(p ≥ 2), (18)

for any non-negative integer l. For j0, that is,

j0 = arg max
j

|ρjκj | 1
p−1 |ĝ[2]

j (0)|,

one can see that all the other values |ĝ[2]
j (l)|, j �= j0,

quickly become small compared to |ĝ[2]
j0

(l)|. Taking
into account the normalization of the second step, this
means that |ĝ[2]

j0
(l)| �= 0 and |ĝ[2]

j (l)| → 0 for all j �= j0.
This implies that the infinite iteration of two steps (12)
and (13) gives (16). Moreover, the equation (18) along
with the normalization of the second step means that
the sequence {g̃j(l)} converges to the desired vector at
a super-exponential rate when p ≥ 2 for all j = 1, · · · , n.

Let us consider (17) in case of p = 1. Then we can
obtain the following equation.

|ĝ[2]
j (l)|

|ĝ[2]
j0

(l)|
=
( |ρjκj |
|ρj0κj0 |

)l |ĝ[2]
j (0)|

|ĝ[2]
j0

(0)|
(p = 1) (19)
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Therefore, it can be seen that the convergence of the
two-step procedure (p = 1) is decided by the ratio of
|ρjκj |/|ρj0κj0 |. Let |ρj0κj0 | be the largest of the scalars
|ρjκj | (j = 1, · · · , n), that is,

j0 = arg max
j

|ρjκj |.

Then, taking into account the normalization of the sec-
ond step, the equation (19) means that |ĝ[2]

j0
(l)| �= 0 and

|ĝ[2]
j (l)| → 0 for all j �= j0. Moreover, the equation (19)

along with the normalization of the second step means
that the sequence {g̃j(l)} converges to the desired vec-
tor at an exponential rate for all j = 1, · · · , n. �

Let ḡj0(z) be the transfer function determined as

ḡj0(z) =
M∑

k=0

ḡ
(k)
j0

zk. (20)

Then we have two properties of the filter ḡj0(z) as fol-
lows.

Theorem 2: Let ḡj0(z) be the transfer function
determined by (20). Then ḡj0(z) possesses the follow-
ing properties:
(P1) It is the transfer function of an LP filter of the
first type [7], if the source signal sj0(t) is temporally
second-order correlated.
(P2) If the source signal sj0(t) is temporally second-
order white, then it is the transfer function of a Cascaded
Integrator Comb (CIC) filter, that is,

ḡj0(z) = ḡj0(1 + z + · · · + zM ), (21)

where ḡj0 is a scalar non-zero constant.
Proof of Theorem 2: The property (P1) is ver-

ified as follows: Σ−1
j in (12) is a symmetric matrix,

because Σj is a symmetric matrix. Therefore, since all
elements of the vector ĝj in (12) are the same value and
Σ−1

j is a symmetric matrix, then the impulse responses

ḡ
(k)
j0

’s satisfy ḡ
(k)
j0

= ḡ
(M−k)
j0

(k = 0, · · · , M). This im-
plies that ḡj0(z) is an LP filter whose impulse response
sequence is a symmetry for the center of the sequence.

The property (P2) is shown as follows: If the source
signal sj0(t) is temporally second-order white, then the
covariance matrix Σj0 of sj0(t) becomes Σj0 = D,
where D is a diagonal matrix which has all the same
non-zero diagonal elements. Then, (12) can be rewrit-
ten as follows;

g̃
[1]
j0

= D−1κj0 ĝj0 , (22)

where κj0 denotes (14) of sj0(t). Since ĝj0 has all the
same elements, κj0 is a scalar constant, and D is a
diagonal matrix whose diagonal elements are the same
value, then ḡj0(z) becomes ḡj0(z) = ḡj0(1 + z + · · · +
zM ). Therefore, ḡj0(z) is the transfer function of a

CIC filter. �

From Theorem 1, it can be proved that the two-
step procedure (12) and (13) can be used to acquire a
filtered version yj(t) in (4) from the observed signals
xi(t) (i = 1, · · · , m). In practice, however, one cannot
directly handle gj(z), because hij(z)’s are unknown.
Therefore, we must consider finding gj(z) using a filter
yj(t) =

∑m
i=1 wji(z)xi(t) (see Figure 1), where wji(z)

:=
∑L

k=0 w
(k)
ji zk. This implies that we must transform

the two steps (12) and (13) into two steps with respect
to w

(k)
ji ’s, that is,

w̃
[1]
j = R̃

†
D̃j , j = 1, 2, · · · , n, (23)

w̃
[2]
j =

w̃
[1]
j√

|w̃[1]T
j R̃w̃

[1]
j |

, j = 1, 2, · · · , n, (24)

where w̃j is an (L + 1)m-column vector defined by

w̃j := [w̃T
j1, w̃

T
j2, · · · , w̃T

jm]T , (25)

w̃ji := [w(0)
ji , w

(1)
ji , · · · , w(L)

ji ]T , (26)

where † denotes the pseudo-inverse operation of a ma-
trix, R̃ is the m × m block matrix defined by

R̃ :=




R̃11 R̃12 · · · R̃1m

R̃21 R̃22 · · · R̃2m

...
...

...
...

R̃m1 R̃m2 · · · R̃mm


 (27)

whose (i, j)-th block element R̃ij is the (L+1) × (L+1)
matrix with the (i1, j1)-th element [R̃ij ]i1j1 defined by

[R̃ij ]i1j1 = Cum{xj(t − j1), xi(t − i1)}, (28)

and D̃j is the m-block vector defined by

D̃j := [d̃
T

j1, d̃
T

j2, · · · , d̃
T

jm]T , (29)

where d̃ji-th is the (L+1)-column vector with the j1-th
element [d̃ji]j1 given by

[d̃ji]j1 =
∑

τ1, · · · , τp−1, τp︸ ︷︷ ︸
p

∈Z

Cum{yj(t), yj(t − τ1), · · · ,

yj(t − τp−1), xi(t − j1 − τp)}. (30)

Remark 1: The first step (23) and the second
step (24) correspond to (12) and (13), respectively. In
particular, (23) can be derived by solving a weighted
least squares problem in the w̃j-domain for each j =
1, 2, · · · , n. See [1] for the details.
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Remark 2: It can be seen from (12) and (14)
that the value of p in (11) relates to the order of the
auto-cumulant of sj(t) in κj . Hence, the value of p
in (11) can be changed according to how the statisti-
cal properties of source signals are taken into account.
This implies that if one chooses p = 1, the second-
order statistics of source signals are used to solve the
blind source-factor separation problem. Therefore, if
the source signals are temporally second-order corre-
lated, the blind source-factor separation problem can
be solved by setting to p = 1. On the other hand, if
the source signals are temporally second-order white
(e.q., i.i.d. signal), one must consider the problem by
using (12) in case of p ≥ 2.

3.2. The generalized deflation algorithms (GDA’s)

A deflation approach is used to implement the blind
source-factor separation. First we choose the value of
p based on a class of source signals. Then the proposed
deflation algorithm, that is, the GDA with given p for
the blind source-factor separation can be summarized
in the following steps:
Step 1. Set j = 1 (where j denotes the order of the
filtered version of an input extracted).
Step 2. Let w̃j(l) denotes the (L+1)m-column vector
obtained in the l-th cycle of the iterations of two steps
(23) and (24). Set l = 0. Choose random initial values

w̃j(0), and then calculate w̃j(0)/
√
|w̃j(0)T

R̃w̃j(0)|.
Step 3. Calculate w̃j(l) using (23) and (24). The ex-
pectations can be estimated using some data samples
of yj(t) and xi(t).
Step 4. At this stage, we assume that a filtered source
signal yj(t) = ḡj0(z)sj0(t) can be recovered. To remove
the contribution of sj0(t) to the observed signals xi(t)
(i = 1, · · · , m), the criterion E[{xi(t) − dij(z)yj(t)}2],
where dij(z)yj(t) =

∑L′

k=−L′ dij
(k)yj(t − k) and the

number L′ is its order which is a sufficiently large, is
minimized by adapting the filter dij(z) [8]. Then, xi

(j)

= xi(t) − dij(z)yj(t) (i = 1, · · · , m) are the outputs of
a linear unknown multichannel system with m outputs
and n − 1 inputs. And the signals dij(z)yj(t)’s denote
the desired signals cij(t)’s in (3).
Step 5. If the superscript (j) of xi

(j)(t) is less than n,
then set j = j + 1 and xi(t) = xi

(j) (i = 1, · · · , m) and
go to Step 2. If it is equal to n − 1, then stop here.

Remark 3: In Step 4, if the source signal sj0(t)
is temporally second-order white, then sj0(t) can be
obtained by implementing the whitening of the output
yj(t) = ḡj0(z)sj0(t), using an AR filter.

4. SIMULATION RESULTS

To demonstrate the validity of the GDA’s, many com-
puter simulations were conducted. Some results are

shown in this section. We considered the following two-
input and three-output FIR system.

H(z) =
 1.0 + 0.6z + 0.3z2 0.6 + 0.5z − 0.2z2

0.5 − 0.1z + 0.2z2 0.3 + 0.4z + 0.5z2

0.7 + 0.1z + 0.4z2 0.1 + 0.2z + 0.1z2


 . (31)

It should be noted that H(z) satisfies (A1). The ob-
served signals x(t) = [x1(t), x2(t), x3(t)]T (t = 0, 1, 2, · · ·)
were calculated by (2). We used (30) with a chosen p.

[Example 1] In this example, the source signals {si(t)}
(i = 1, 2) were generated by using the following system:[

s1(t)
s2(t)

]
=
[ 1

1−0.5z 0
0 0.7+z

1+0.7z

] [
ν1(t)
ν2(t)

]
. (32)

where {ν1(t)} and {ν2(t)} were non-Gaussian i.i.d. sig-
nals with zero mean and unit variance, but were inde-
pendent with each other. The source signal {s1(t)} is a
non-white signal (temporally second-order correlated).
Since the filter (0.7 + z)/(1 + 0.7z) in (32) was a all-
pass filter, the source signal {s2(t)} became temporally
second-order white but temporally higher-order colored
signals. We chose p = 3. The values of τ1, τ2, and τ3

in (30) were set to belong to the intervals [0,10], [0,10],
and [0,10], respectively.

We calculated the separation rate of the jth contri-
bution on the ith output defined by

SEPRij =
∑

t |c̄ij(t) − cij(t)|2∑
t |cij(t)|2 , (33)

where cij(t) denotes the desired signal in (3) and c̄ij(t)
denotes the estimated contribution using the proposed
deflation algorithm. Then we obtained SEPR11 =
0.0153 and SEPR12 = 0.0584. In order to measure the
”degree of improvement” of our algorithm, we note that
before the source separation procedure, SEPRbef11 =
0.2610 and SEPRbef12 = 3.8308, where SEPRbefij is

SEPRbefij =
∑

t |xi(t) − cij(t)|2∑
t |cij(t)|2 . (34)

From this result, one can see that the GDA with p =
3 can be used to recover the desired signals cij(t)′s in
(3).

[Example 2 ] In this example, each source signal {si(t)}
was a speech signal. We used (30) in case of p = 1. The
values of τ1 in (30) was set to [0,30].

Figure 2 shows the desired signals c11(t) and c12(t)
in (3), and the estimated contributions c̄11(t) and c̄12(t)
using the GDA (p = 1). From Figure 2, one can see
that the GDA with p = 1 can be used to recover the
desired signals cij(t)′s in (3). Then, calculating the
separation rate (33) of the jth contribution on the ith
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Figure 2: The desired signals c11(t) and c12(t) (up-
per), and the estimated contributions c̄11(t) and c̄12(t)
(down)

output, we obtained SEPR11 = 0.0015 and SEPR12 =
0.0039. And calculating (34), we obtained SEPRbef11

= 0.3781 and SEPRbef12 = 2.645. See [11] for other
simulation results.

5. CONCLUSIONS

The present paper has proposed a class of iterative de-
flation algorithms for the blind source-factor separa-
tion problem. The proposed deflation algorithms, that
is, GDA’s in case of p ≥ 2 were super-exponential de-
flation algorithms (like [1]) mentioned in the proof of
Theorem 1, and the GDA in case of p = 1 was an ex-
ponential deflation algorithm mentioned in the proof of
Theorem 1. The GDA’s were used to extract filtered
version sources from the mixtures of sources.

It has been confirmed by many computer simula-
tions that the GDA’s can be used successfully to achieve
the blind source-factor separation. Some results were
shown in the present paper. In this simulation results,
it can also be confirmed that the GDA’s are globally
convergent almost always (this result is similar to the
one shown in [1]).
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