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ABSTRACT

In mary dataanalysisproblemst is usefulto consider
the dataas generatedrom a setof unknavn (latent)
generatoror sources. The obserationswe malke of
a systemarethentaken to berelatedto thesesources
through some unknavn function. Furthermore the
(unknavn) numberof underlyinglatentsourcesmay
be less than the number of obserations. Recent
developmentsin IndependentComponentAnalysis
(ICA) have shavn that,in thecasewheretheunknavn
functionlinking sourcego obserationsis linear, such
datadecompositiormay be achiezed in a mathemat-
ically elegant manner In this paperwe extend the
generalCA paradignto includeaveryflexible source
model, prior constraintsand conditioningon setsof
intermediatevariablessothatICA formsonepartof a
hierarchicalsystem. We shav that suchan approach
allows for efficient discovery of hiddenrepresentation
in dataandfor unsupervisedatapartitioning.

Keywords. Independentcomponentanalysis, la-
tentvariablemodels,variationalBayes,unsupervised
partitioning,datarepresentation.

1. INTRODUCTION

IndependentComponentAnalysis (ICA) has been
widely usedin dataanalysisanddecompositionn re-
centyears(see,for example,[1] for anovervien). In
thispapemwe considethecasdan whichconstraintex-
istin our beliefsregardingthe mixing processandthe
sources.In particularwe investigatethe issueof en-
forcing positivityontotheICA model. Thisis coupled
with the building of hierarchicalmodelsand usedto
performunsupervisediatapartitioninganddecompo-
sition. As themodelsareevaluatedn afully Bayesian
mannermodel selectionmay be appliedto infer the
compleity of datarepresentatioim thesolutionspace.
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2. THEORY

In general,we have a set of obsenrations vectors,
x € RM which arebelieved to be causedy a setof
underlyinglatent sourcess € RM, which we can-
not directly access.What we obsere is somefunc-
tion, however, of thesesources.e. x = f(s) where
f : RM s RY . Theproblemof inferring the sources,
and f aswell, from obserationsaloneis typically an
impossibletaskif we have no otherknowledgeof the
mapping. If the mappingis linearvia a (non-square)
mixing matrix, A, i.e. x = As thenit is still ill-posed
but constraintsallow for its solution. ICA makesthe
solutionsto this Equationwell-posedby forcing in-
dependencbetweenthe componentss, of the basis.
Fromtheperspectie of probabilisticmodelingthis in-
dependenceneansthat the joint probability density
over the basissourcegactorizes.

2.1. Hierarchical modds

We considerthelCA sourceestimatesassomeinverse
process,f !, acting on the obserations,i.e. s =
f~1(x). In astandardCA model, this inversefunc-
tion is a generalizedinear function (a function of the
pseudo-iwerseof the mixing matrix andthe inferred
noisemodel). In a hierarchicalapproachwe consider
however, the unknavn sourcego be somegeneralised
linearfunctionof asetof intermediatevariableswhich
we denoteg, which are themseles functionsof the
obserations. Themappingmayhencebewritten as:

s= o)) (1)

MakingthelCA assumptiorthat f maybemodeledas
alinearprocesswe mayseetheintermediatevariables
asa‘dummy’ obserationssetundertheequation

#(x) = As +n. )



wheren is an unknavn noise process. In principle

we may treat this equationas that of a fully gener

ative model, i.e. in which our objective in model
learningis to maximize p(x|s, A, n) and hencethe

resultantsourcesare conditionedon the obserations,
i.e. p(s|x,A,n). This necessarilyinvolves the in-

versionof ¢(x). Thisis is relatively straightforvard

if the intermediatevariablesare linear in the obser

vations,x. This, however, giveslittle in the way of

modelingpower over standardCA. We choosethere-
fore, for theintermediatevariablesto be non-linearin

x. Inversionof this functionality theninvolves more
complex procedures.In the exampleswe presentin

this paperwe areconcernegrimarily in theinference
of the latent sourcesand their numberand we take

the pragmaticstepto condition on the intermediate
variablesratherthanthe obserationsthemseles,i.e.

p(s|@, A,n). The practicaleffect of this decisionis

thatwe may form the mappingfrom the obserations
to the intermediatevariables,x — ¢ in anindepen-
dentstepwhich is not adaptedas part of the hierar

chical model. The ICA modelthenis inferredusing
Equation2. In this form the modelbecomessimilar

to that of Radial BasisFunction(RBF) systemgsee,
e.g.,[2]) inwhichx — ¢ — s.

2.1.1. Hierarchical modelsas data partitioning
models

Oneof the aimsof unsupervisediataanalysislies in

the partitioning (or clustering)of datainto classespr
groupswhichareself-similarin somesenseln ourre-
centwork onhierarchicapartitioningmodelsve argue
for partitionsthemselesto be modeledasmixturesof
underlyingsimplerfunctions(Gaussiandpr example)
[3]. Theobjective arguedfor in this approachwasto
minimize the entropy of the resultantpartitioning. If

we consideithecanonicaimeasuref independencin

ICA modelsasthe mutualinformationbetweerthere-
coveredsourcecomponentghen ICA modelscanbe

seenas minimizing this mutualinformationmeasure.

We may rewrite the mutualinformation betweernthe
component®f s, in Equation2 as(see,for example,
[1], chapterl):

M
MI[s) = H[¢] + % log |det ATA|+ 3 Hls,] (3)

m=1
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in which [.] is a Shannorentropy measureandaA is
the mixing matrix. As we are consideringhe casein
whichtheintermediatevariablesarefixedwith respect
to the ICA algorithm,theterm#[¢] is alsofixed and
minimizationof the mutualinformationis tantamount
to minimizing the entropiesover the sources. These
sourcesretreatecasmeasuresvertheclasgpartition-
ing. Theeffectof minimizationof themutualinforma-
tion betweenthe sourceg(i.e. the objective of ICA)
may hencebeseemassimilarto otherobjectivesin un-
supervisegartitioning,in particularthe minimization
of partitionentrogy asdervedandemplg/edin [4, 3].

2.2. Prior constraints

In the formalism presentedn the sectionabove, we

take the elementsof A to be non-ngative We as-

sumethat the responsesvhich form the intermediate
variablesetarecombination®f theunderlyingsources
via a mixing processwhich, following [3], we take to

bestrictly non-ngative. This enableaus,for example,
to treatthe resultantsourcegpartition measures)af-

ter normalization(i.e. suchthatthey sumto unity) as
estimate®f the posteriorpartitionprobabilities.

2.3. Source Mod€l

The choiceof aflexible andmathematicallyattractve
(tractable)sourcemodelis crucialif a wide variety of

sourcedistributionsareto be modeled.As we believe
eachsourceis non-ngative, we utilize a mixture of

rectified Gaussiansfor eachsourcemodel[15]. The
setof all parameterf this model sourcecould be
learntthrougha maximumlikelihood approachsuch
asthe Expectation-MaximizatiofEM) algorithm([5],

[6]) (seealso[7] for acomprehensk derivationof the
EM algorithm with regard to ICA/IFA). Maximum-
likelihood approachesre well-documentedsee[8],

[9], [7] for anintroduction) asarethepitfalls. Wetake,
arguably a morecomprehensie approachn which a
full Bayesianparadigmis emplg/ed. This is briefly
discussediaterin this paper

A rectified Gaussianis defined as N"(yla™!) =
2N (y]0,a~1) fory > 0 andzerofor y < 0. Thehyperparameter
a governstheprecision(inversevariance)of thedistribution.



2.4. Dimensionality inference

Theprior over eachelemenf themixing matrix, A is
arectifiedGaussianvith precisionw; for eachcolumn.
By using a rectified Gaussiarwe force non-ngative
solutionson the mixing procesg12, 15. By moni-
toring the evolution of the precisionhyperparameters
{«;}, therelevanceof eachsourcemaybe determined
(thisis referredto asAutomaticRelevanceDetermina-
tion - ARD). If «; is large,column: of A will beclose
to zero,indicatingsource; is irrelevant. Theinferred
valuesof {«;} hencegive an indicationof the most-
likely numberof sourcestructuresvithin the data.

3. BAYESIAN INFERENCE AND
VARIATIONAL LEARNING

We chooseo take afully Bayesiarapproactandinfer
theposteriordistributionsover unknavnsin themodel
(includingthe sourcesandall prior hyperparameters).
Bayesiarinferencein suchamodelis computationally
intensie and oftenintractable. An importantand ef-
ficienttool in approximatingposteriordistributionsis
thevariational method(seg[10] for anexcellenttuto-
rial). In particular we take the variational Bayesap-
proachdetailedin [11].

3.1. Variational Bayesian Learning

In thevariationalBayesramework, theobjective func-
tion to be maximizedis the negyativefreeenegy, F

F = (log p(D, U))y(uy + H [p'(U)] 4)

where U consistsof the setof all unknavns in the
model, M, and D is the visible data. The first term
in (4) is the expectationof the joint densityof hidden
andobsenred variableswith respecto anapproximat-
ing posteriorp’(U). Thesecondermis theentropy of
p'(U). The negative free enegy forms a strict lower
boundon the evidence,p(D| M), of the model, with
the differencebeingthe Kullback-Leibler(KL) diver
gencebetweerthe true andapproximatingoosteriors.
Maximising this functionis equivalentto minimising
the KL divergencebetweenthe true andapproximate
posteriors A wide variety of modelsandassumptions
canbecomparedndcontrastedby calculatingthefree
enegy of eachmodel. The higherthe (negative) free
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enegy, the higherthelikelihoodof the dataunderthat
model,and,therefore the betterthat modelis at ‘ex-
plaining’ thedata.

By choosingp’(U) suchthatit factorizesover the
setof unknavn modelparameterstermsin eachhid-
denvariablecanbe maximizedindividually. More de-
tails of thisapproachmaybefoundin [12, 13, 14, 15].
Oncewe have obtainedthe nggative freeenegy, F, of
our modelone may proceedby specifyingfunctional
formsfor eachof the approximatingparameteposte-
riors andusethesein Equation(4) asshavn by [16].
As shavn in [17], hawever, thereis no needto specify
functionalformsfor (all) theapproximatingoosteriors
asthey ‘fall-out’ of the maximizationprocesshelped
by thefactorizedform of p'(U). Theoptimalform for
eachposterioris simply givenby

P (Uk)  p(Uk) exp [(log p(D, OD1,, pity] )

wheretheindex k refersto the k-th parametein U.
This canbefully appliedallowing free-formopti-
mizationgiving the ensemblédearningalgorithmspre-
sentedin [18] which is the approachtakenin the ex-
perimentgresentedn this paper Alternatively, a full
mixture posteriorcan be usedbut this no longer al-
lows full free-formlearning.This approacthis detailed
in [13]. Full detailsof the algorithmsand parame-
ter updateequationsare given in [18, 13, 14]. All
the derived posteriorsrequire solving a set of cou-
pled hyperparameteupdateequationsvhich are cy-
cled until corvergence. Oncetrained,the modelcan
beusedto reconstruchiddensourcesignals(to within
a scalingand permutation)given a data-seby calcu-
latingthesourcessimatesindertheir respectie poste-
riorsoverthewholedata-setandgiventhe (now fixed)
modelparameteposteriors.

4, RESULTS

4.1. Initialization

We setvaguepriors for all hyperparametergwhich
govern the prior distributions over parametersj15].
Threecomponenmixturesof rectifiedGaussiansvere
usedfor all sourcemodels.Model learningwastermi-
natedwhentherelative changen freeenegy dropped
belav 10-5. Thistook betweer0 and50iterationsof
themodelfor the examplesshavn in this paper Fifty



iterationstook just underl minute of CPU time run-
ning underMatlabon a 1.4GHzprocessorlt is worth
noting that, as a full Bayesianlearning paradigmis
taken,we avoid the needfor userspecifiedparameters
in themodel.

4.2. Toy data

Figure1(a) shavs a simple datasetconsistingof two
datastucturesWhilsttheinnerregionis Gaussiarlis-
tributedthering surroundingt is highly non-Gaussian
andsimpleGaussiamixtures,for example fail to de-
tectthis structure. Also shavn in the plot arethe lo-
cationsof a setof 20 Gaussiarkernelsfitted using
the EM algorithm. Plot (b) shaws the first five o *
from thelCA model.We notethatonly two significant
‘sources’have beeninferred.Backprojectingontothe
dataallows for the partitioningshawvn in plot (c).
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Figurel: Ring data: (a) datasetand20-component
Gaussiarkernelset,(b) ARDhyperparametes show-
ing supportof three cluster model, (c) the resultant
datapartitioning
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4.3. Winedata

As a secondexamplewe presentresultsfrom a wine
recognitionproblem.In our examplethe datasetcon-
sistsof 1782-dimensionaéxemplarsvhichareasetof
chemicalanalyse®f threetypesof wine. Wefit anini-
tial 20-kernelsetusingthe Expectation-Maximization
(EM) algorithm([5, 2]. Thesekernelswhichform the
basisfor the ¢ intermediatevariablesareshavn along
with thedatasetin Figure2.

Figure2: Wine data: Gaussiarkernelbasis. There-
sponsedrom this kernel setform the ¢ observation
variablesfor the ICA model.

Figure 3(a) shaws the first five hyperparameters,
a;, governingthe scaleof the mixing process.Three
significant ‘sources’ have beendetermined. This is
verified in plot (b) which shavs the elementsof the
unmixing matrix, W. Plot (c) shavs the true class
partitions(projectedonto the first two dimensionsof
the data)and (d) the resultantpartitioning. We note
that the few differenceshetween(c) and (d) are due
to ‘outlying’ points from the classdistributions and
as such cannotbe determinedcorrectly by an unsu-
pervisedmethod. In this examplethereare5 errors,
correspondingo an equialent classificationperfor
manceof 97.2%andidenticalto the resultsachieved
in [3]. We note that our approachis entirely unsu-
pervised. Other analysishas beenreportedfor this
datasetandour resultis surprisinglygood consider
ing that supervisedirst-nearesneighbourclassifica-
tion achieves only 96.1%, and supervisedmultivari-
atelineardiscriminantanalysis98.9%[19]. We note,
furthermorethatstandardCA (without positiity pri-
ors) and PCA (which assume$saussiarform for the
sourceshpothfail to infer the correctstructurein this



data.

15

0.5

(©) (d)

Figure 3: Wine data: (a) ARD hyperparametes

showingsupportof three cluster model, (b) weights
in the unmixingmatrix, (c) the true data partitioning

(fromsupervisedabels)and(d) theresultantdatapar-

titioning.

5. DISCUSSION & CONCLUSIONS

ICA modelsmay be formed underthe framewvork of
generatie Bayesiarmodeling. The model,hence al-
lows for priorsover all parametersThis hasthe bene-
fit that, not only is ‘correct’ Bayesianinferenceper
formed but that the priors allow componentsf the
modelwhich arenot supportedby thedata(i.e. do not
explain the data)to collapsethusgiving a principled
mannetin which to infer the numberof underlyingla-
tentdata‘sources’. The useof priors alsoallows for
constraintso the modelspace,andin this paperwe
explore the useof positiity priorsonthe mixing pro-
cessfrom sourcedo obserations. The non-ngatiity
of the mixing processaturallyfits with a hierarchical
approachin which a setof intermediate(non-linear)
functionresponseso the obsered datais formedand
theresultaniatentstructurewithin the datais formed

asa linear decompositiorin this intermediatespace.
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This allows, for example,for unsupervisedlustering
to take placein averyflexible manner As commented
on earlierin this papeyideally the functionalmapping
betweenthe obserations and the intermediatevari-
ables(which we maytake to benon-lineaye.g. Gaus-
siankernelresponsesyouldbeinferredalongwith the
ICA model. Thisis an ongoingareaof researchand
leadsnaturallyto extensionf non-lineardCA.
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