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ABSTRACT

In many dataanalysisproblemsit is usefulto consider
the dataasgeneratedfrom a setof unknown (latent)
generatorsor sources.The observationswe make of
a systemarethentaken to be relatedto thesesources
through someunknown function. Furthermore,the
(unknown) numberof underlyinglatentsourcesmay
be less than the number of observations. Recent
developmentsin IndependentComponentAnalysis
(ICA) haveshown that,in thecasewheretheunknown
functionlinking sourcesto observationsis linear, such
datadecompositionmay be achieved in a mathemat-
ically elegant manner. In this paperwe extend the
generalICA paradigmto includeaveryflexible source
model, prior constraintsand conditioningon setsof
intermediatevariablessothatICA formsonepartof a
hierarchicalsystem. We show that suchan approach
allows for efficient discovery of hiddenrepresentation
in dataandfor unsuperviseddatapartitioning.

Keywords: Independentcomponentanalysis, la-
tent variablemodels,variationalBayes,unsupervised
partitioning,datarepresentation.

1. INTRODUCTION

IndependentComponentAnalysis (ICA) has been
widely usedin dataanalysisanddecompositionin re-
centyears(see,for example,[1] for anoverview). In
thispaperweconsiderthecasein whichconstraintsex-
ist in our beliefsregardingthemixing processandthe
sources.In particularwe investigatethe issueof en-
forcingpositivityontotheICA model.This is coupled
with the building of hierarchicalmodelsandusedto
performunsuperviseddatapartitioninganddecompo-
sition. As themodelsareevaluatedin a fully Bayesian
mannermodel selectionmay be appliedto infer the
complexity of datarepresentationin thesolutionspace.

2. THEORY

In general,we have a set of observations vectors,������� which arebelieved to be causedby a setof
underlying latent sources,	 �
��� , which we can-
not directly access.What we observe is somefunc-
tion, however, of thesesourcesi.e. ��
���� 	�� where����� ���� � � . Theproblemof inferring thesources,
and � aswell, from observationsaloneis typically an
impossibletaskif we have no otherknowledgeof the
mapping. If the mappingis linear via a (non-square)
mixing matrix, � , i.e. ��
 ��	 thenit is still ill-posed
but constraintsallow for its solution. ICA makesthe
solutionsto this Equationwell-posedby forcing in-
dependencebetweenthe components,	 , of the basis.
Fromtheperspective of probabilisticmodelingthis in-
dependencemeansthat the joint probability density
over thebasissourcesfactorizes.

2.1. Hierarchical models

WeconsidertheICA sourceestimatesassomeinverse
process,����� , acting on the observations, i.e. 	 
� ��� � � � . In a standardICA model,this inversefunc-
tion is a generalizedlinear function(a functionof the
pseudo-inverseof the mixing matrix andthe inferred
noisemodel). In a hierarchicalapproachwe consider,
however, theunknown sourcesto besomegeneralised
linearfunctionof asetof intermediatevariables,which
we denote ! , which are themselves functionsof the
observations.Themappingmayhencebewrittenas:

	 
"� ��� � ! � � �#�%$ (1)

MakingtheICA assumptionthat � maybemodeledas
alinearprocess,wemayseetheintermediatevariables
asa ‘dummy’ observationssetundertheequation

! � � � 
 ��	'&)(�$ (2)



where ( is an unknown noiseprocess. In principle
we may treat this equationas that of a fully gener-
ative model, i.e. in which our objective in model
learning is to maximize * � �,+ 	.-/�0-/(1� and hencethe
resultantsourcesareconditionedon theobservations,
i.e. * � 	 + � -/�0-/(1� . This necessarilyinvolves the in-
versionof ! � � � . This is is relatively straightforward
if the intermediatevariablesare linear in the obser-
vations, � . This, however, gives little in the way of
modelingpoweroverstandardICA. Wechoose,there-
fore, for theintermediatevariablesto benon-linearin� . Inversionof this functionality theninvolves more
complex procedures.In the exampleswe presentin
this paperwe areconcernedprimarily in theinference
of the latent sourcesand their numberand we take
the pragmaticstep to condition on the intermediate
variablesratherthanthe observationsthemselves,i.e.* � 	 + !2-/�0-/(1� . The practicaleffect of this decisionis
thatwe may form themappingfrom theobservations
to the intermediatevariables,� � ! in an indepen-
dent stepwhich is not adaptedas part of the hierar-
chical model. The ICA model then is inferredusing
Equation2. In this form the modelbecomessimilar
to that of Radial BasisFunction(RBF) systems(see,
e.g.,[2]) in which � � ! � 	 .

2.1.1. Hierarchical modelsas data partitioning
models

Oneof the aimsof unsuperviseddataanalysislies in
thepartitioning(or clustering)of datainto classes,or
groups,whichareself-similarin somesense.In ourre-
centworkonhierarchicalpartitioningmodelsweargue
for partitionsthemselvesto bemodeledasmixturesof
underlyingsimplerfunctions(Gaussians,for example)
[3]. Theobjective arguedfor in this approachwasto
minimize the entropy of the resultantpartitioning. If
weconsiderthecanonicalmeasureof independencein
ICA modelsasthemutualinformationbetweenthere-
coveredsourcecomponentsthen ICA modelscanbe
seenasminimizing this mutualinformationmeasure.
We may rewrite the mutual informationbetweenthe
componentsof 	 , in Equation2 as(see,for example,
[1], chapter1):
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in which : 6 $ 8 is a Shannonentropy measureand � is
themixing matrix. As we areconsideringthecasein
which theintermediatevariablesarefixedwith respect
to the ICA algorithm,the term : 6 !�8 is alsofixedand
minimizationof themutualinformationis tantamount
to minimizing the entropiesover the sources.These
sourcesaretreatedasmeasuresovertheclasspartition-
ing. Theeffectof minimizationof themutualinforma-
tion betweenthe sources(i.e. the objective of ICA)
mayhencebeseenassimilar to otherobjectivesin un-
supervisedpartitioning,in particulartheminimization
of partitionentropy asderivedandemployedin [4, 3].

2.2. Prior constraints

In the formalismpresentedin the sectionabove, we
take the elementsof � to be non-negative. We as-
sumethat the responseswhich form the intermediate
variablesetarecombinationsof theunderlyingsources
via a mixing processwhich, following [3], we take to
bestrictly non-negative. Thisenablesus,for example,
to treat the resultantsources(partition measures),af-
ter normalization(i.e. suchthat they sumto unity) as
estimatesof theposteriorpartitionprobabilities.

2.3. Source Model

Thechoiceof a flexible andmathematicallyattractive
(tractable)sourcemodelis crucial if a wide varietyof
sourcedistributionsareto bemodeled.As we believe
eachsourceis non-negative, we utilize a mixture of
rectifiedGaussians1 for eachsourcemodel[15]. The
set of all parametersof this model sourcecould be
learnt througha maximumlikelihood approachsuch
astheExpectation-Maximization(EM) algorithm([5],
[6]) (seealso[7] for acomprehensive derivationof the
EM algorithm with regard to ICA/IFA). Maximum-
likelihood approachesare well-documented(see[8],
[9], [7] for anintroduction),asarethepitfalls. Wetake,
arguably, a morecomprehensive approachin which a
full Bayesianparadigmis employed. This is briefly
discussedlaterin thispaper.

1A rectified Gaussian is defined as QSR%TCU�V W7X�Y[Z \] Q0TCU�V ^`_aW XbY Z for UdcK^ andzerofor UdeK^ . Thehyper-parameterW governstheprecision(inversevariance)of thedistribution.



2.4. Dimensionality inference

Theprior overeachelementof themixing matrix, � is
arectifiedGaussianwith precisionf�g for eachcolumn.
By usinga rectifiedGaussianwe force non-negative
solutionson the mixing process[12, 15]. By moni-
toring the evolution of the precisionhyperparametersh f gFi , therelevanceof eachsourcemaybedetermined
(this is referredto asAutomaticRelevanceDetermina-
tion - ARD). If f g is large,column j of � will beclose
to zero,indicatingsourcej is irrelevant. The inferred
valuesof

h f gFi hencegive an indicationof the most-
likely numberof sourcestructureswithin thedata.

3. BAYESIAN INFERENCE AND
VARIATIONAL LEARNING

Wechooseto take a fully Bayesianapproachandinfer
theposteriordistributionsoverunknownsin themodel
(includingthesourcesandall prior hyperparameters).
Bayesianinferencein suchamodelis computationally
intensive andoften intractable.An importantandef-
ficient tool in approximatingposteriordistributionsis
thevariational method(see[10] for anexcellenttuto-
rial). In particular, we take the variational Bayesap-
proachdetailedin [11].

3.1. Variational Bayesian Learning

In thevariationalBayesframework, theobjectivefunc-
tion to bemaximizedis thenegativefreeenergy, k
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where o consistsof the set of all unknowns in the
model, � , and n is the visible data. The first term
in (4) is theexpectationof the joint densityof hidden
andobservedvariableswith respectto anapproximat-
ing posterior* } � oq� . Thesecondtermis theentropy of* } � oq� . The negative free energy forms a strict lower
boundon the evidence,* � n�+ ��� , of the model,with
thedifferencebeingtheKullback-Leibler(KL) diver-
gencebetweenthe trueandapproximatingposteriors.
Maximising this function is equivalent to minimising
the KL divergencebetweenthe true andapproximate
posteriors.A wide varietyof modelsandassumptions
canbecomparedandcontrastedby calculatingthefree
energy of eachmodel. The higherthe (negative) free

energy, thehigherthelikelihoodof thedataunderthat
model,and,therefore,the betterthat modelis at ‘ex-
plaining’ thedata.

By choosing* } � oq� suchthat it factorizesover the
setof unknown modelparameters,termsin eachhid-
denvariablecanbemaximizedindividually. Morede-
tailsof thisapproachmaybefoundin [12, 13, 14, 15].
Oncewehave obtainedthenegative freeenergy, k , of
our modelonemay proceedby specifyingfunctional
formsfor eachof theapproximatingparameterposte-
riors andusethesein Equation(4) asshown by [16].
As shown in [17], however, thereis noneedto specify
functionalformsfor (all) theapproximatingposteriors
asthey ‘f all-out’ of themaximizationprocess,helped
by thefactorizedform of * } � oq� . Theoptimalform for
eachposterioris simplygivenby
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wheretheindex � refersto the � -th parameterin o .
This canbefully appliedallowing free-formopti-

mizationgiving theensemblelearningalgorithmspre-
sentedin [18] which is the approachtaken in the ex-
perimentspresentedin this paper. Alternatively, a full
mixture posteriorcan be usedbut this no longer al-
lows full free-formlearning.Thisapproachis detailed
in [13]. Full detailsof the algorithmsand parame-
ter updateequationsare given in [18, 13, 14]. All
the derived posteriorsrequire solving a set of cou-
pled hyper-parameterupdateequationswhich arecy-
cled until convergence. Oncetrained,the modelcan
beusedto reconstructhiddensourcesignals(to within
a scalingandpermutation)given a data-setby calcu-
latingthesourceesimatesundertheir respective poste-
riorsoverthewholedata-set,andgiventhe(now fixed)
modelparameterposteriors.

4. RESULTS

4.1. Initialization

We set vaguepriors for all hyper-parameters(which
govern the prior distributions over parameters)[15].
Threecomponentmixturesof rectifiedGaussianswere
usedfor all sourcemodels.Model learningwastermi-
natedwhentherelative changein freeenergy dropped
below =<� �~� . Thistookbetween10and50iterationsof
themodelfor theexamplesshown in this paper. Fifty



iterationstook just under1 minuteof CPU time run-
ning underMatlabon a 1.4GHzprocessor. It is worth
noting that, as a full Bayesianlearningparadigmis
taken,weavoid theneedfor user-specifiedparameters
in themodel.

4.2. Toy data

Figure1(a)shows a simpledatasetconsistingof two
datastuctures.Whilst theinnerregionis Gaussiandis-
tributedthering surroundingit is highly non-Gaussian
andsimpleGaussianmixtures,for example,fail to de-
tect this structure.Also shown in the plot arethe lo-
cationsof a set of 20 Gaussiankernelsfitted using
the EM algorithm. Plot (b) shows the first five f ���
from theICA model.Wenotethatonly two significant
‘sources’have beeninferred.Backprojectingontothe
dataallows for thepartitioningshown in plot (c).
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Figure1: Ring data: (a) data setand 20-component
Gaussiankernelset,(b) ARDhyper-parameters show-
ing supportof three cluster model, (c) the resultant
datapartitioning.

4.3. Wine data

As a secondexamplewe presentresultsfrom a wine
recognitionproblem.In our examplethedatasetcon-
sistsof 1782-dimensionalexemplarswhichareasetof
chemicalanalysesof threetypesof wine. Wefit anini-
tial 20-kernelsetusingtheExpectation-Maximization
(EM) algorithm[5, 2]. Thesekernels,which form the
basisfor the ! intermediatevariables,areshown along
with thedatasetin Figure2.

Figure2: Wine data: Gaussiankernel basis. There-
sponsesfrom this kernel set form the ! observation
variablesfor theICA model.

Figure3(a) shows the first five hyper-parameters,f g , governingthe scaleof the mixing process.Three
significant ‘sources’have beendetermined. This is
verified in plot (b) which shows the elementsof the
unmixing matrix, � . Plot (c) shows the true class
partitions(projectedonto the first two dimensionsof
the data)and (d) the resultantpartitioning. We note
that the few differencesbetween(c) and (d) are due
to ‘outlying’ points from the classdistributions and
as suchcannotbe determinedcorrectly by an unsu-
pervisedmethod. In this examplethereare5 errors,
correspondingto an equivalent classificationperfor-
manceof 97.2%andidentical to the resultsachieved
in [3]. We note that our approachis entirely unsu-
pervised. Other analysishas beenreportedfor this
datasetandour result is surprisinglygoodconsider-
ing that supervisedfirst-nearestneighbourclassifica-
tion achieves only 96.1%, and supervisedmultivari-
atelinear-discriminantanalysis98.9%[19]. We note,
furthermore,thatstandardICA (withoutpositivity pri-
ors) andPCA (which assumesGaussianform for the
sources)both fail to infer the correctstructurein this



data.
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Figure 3: Wine data: (a) ARD hyper-parameters
showingsupportof three cluster model, (b) weights
in the unmixingmatrix, (c) the true data partitioning
(fromsupervisedlabels)and(d) theresultantdatapar-
titioning.

5. DISCUSSION & CONCLUSIONS

ICA modelsmay be formedunderthe framework of
generative Bayesianmodeling.Themodel,hence,al-
lows for priorsover all parameters.Thishasthebene-
fit that, not only is ‘correct’ Bayesianinferenceper-
formed but that the priors allow componentsof the
modelwhicharenotsupportedby thedata(i.e. donot
explain the data)to collapsethusgiving a principled
mannerin which to infer thenumberof underlyingla-
tent data‘sources’. The useof priors alsoallows for
constraintsto the model space,and in this paperwe
exploretheuseof positivity priorson themixing pro-
cessfrom sourcesto observations.Thenon-negativity
of themixing processnaturallyfits with a hierarchical
approachin which a set of intermediate(non-linear)
functionresponsesto theobserveddatais formedand
theresultantlatentstructurewithin thedatais formed
asa linear decompositionin this intermediatespace.

This allows, for example,for unsupervisedclustering
to takeplacein averyflexible manner. As commented
onearlierin thispaper, ideally thefunctionalmapping
betweenthe observations and the intermediatevari-
ables(whichwe maytake to benon-linear, e.g.Gaus-
siankernelresponses)wouldbeinferredalongwith the
ICA model. This is anongoingareaof research,and
leadsnaturallyto extensionsof non-linearICA.
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