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ABSTRACT
By elucidating a parallel between canonical correlation analysis (CCA) and least squares regression (LSR), we show
how regularization of CCA can be performed and interpreted in the same spirit as the regularization applied in
ridge regression (RR).
Furthermore, the results presented may have an impact
on the practical use of regularized CCA (RCCA). More
specifically, a relevant cross validation cost function for training the regularization parameter, naturally follows from the
derivations.
1. INTRODUCTION

complementary to the usual interpretation in geometrical
terms like correlation properties.
General notation. Matrices will be denoted by capital letters. Row and column vectors are represented by
lower case letters. Indexed lower case letters represent columns of the capital case equivalent. Capital greek letters
are diagonal matrices. Indexed lower case greek letters represent the diagonal elements of their capital case equivalent.
With I, we denote an identity matrix.
2. FROM LEAST SQUARES REGRESSION TO
RIDGE REGRESSION
Based on a very simple linear model, with two noise sources,
we will review how it is possible to derive the least squares
estimator as a maximum likelihood estimator (and thus the
maximizer of the log likelihood). Subsequently, we will show
how RR [1] naturally follows as a maximizer of the expected
log likelihood. The expectation is carried out over all possible values of a noise source. An interpretation of the results
will be provided.
Notation. X, D ∈ Rd×k contain k d-dimensional samples xi , di . The row vectors y, n ∈ R1×k contain k samples of the scalars yi , ni . The vector w ∈ Rd×1 is a ddimensional weight vector. The sample covariance matrices
T
T
CX and CXy are defined as CX = XX
and CXy = Xyk .
k

In this paper, we present a unifying approach to CCA [2]
and RR [1] from the viewpoint of estimation, and from the
viewpoint of regularization in order to deal with noise.
Regularization can be seen as a way to deal with numerical problems, due to finite sample sizes leading to inaccurate estimates of the process parameters used for the
estimation problem.
Another point of view, and probably more relevant, focuses on the fact that learning is subject to overfitting, if
the number of degrees of freedom is too large. A learned hypothesis can only be generalizing towards new examples, if
the hypothesis space is small enough, so that each hypothesis can be falsified easily enough. This is often achieved
by imposing a Bayesian prior on the solution, thus reducing
the effective number of degrees of freedom.
A third way to approach it, is by considering the observed data as data corrupted by noise, and performing the
estimation problem in a robust way, so that the influence of
noise is as small as possible in a specific way. In a first section, we will show how this viewpoint gives rise to a natural
interpretation of the regularization of LSR towards RR.
Given this interpretation of RR, elucidating the parallel
between LSR and CCA will lead to a new interpretation of
RCCA as described in [5], [6] and [7]. This is done in a
following section.
A fundamental property of the approach we adopt, is
the fact that we assume an underlying generative model for
the data. However, this does not restrict the applicability of CCA, but rather gives an alternative interpretation,

2.1. Least squares as a maximum likelihood estimator
We will briefly restate the following well known result on
linear regression:
Theorem 1 The maximum likelihood estimator of w given
X and y and the model
y

wT X + n

=

(1)

where n is gaussian noise with zero mean and variance
T
E{ nnk } = σ 2 , is given by the least squares estimator
wLS

=

−1
CX
CXy

(2)

Proof. The probability to observe the data, given w, is
P (X, y|w, σ 2 )

∝

P (n|σ 2 )

∝

(y − wT X)(y − wT X)T
1
√
exp −
2σ 2
2πσ 2
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2.3. Interpretation

In order to maximize this with respect to w, we can minimize minus two times the log likelihood as well. Differentiating this with respect to w and equating to zero leads
the optimality conditions on w (often called normal equations). Since XX T is positive definite, the optimum wLS
corresponds to the maximum of the likelihood:
2XX T wLS − 2Xy T

=

As a first remark, we note that it is well known that by
application of Jensen’s inequality [3], the expected log likelihood is proved to be never larger than the log likelihood
of the expectation:

0

L(X, y|w, σ 2 )

and thus
T −1

wLS = (XX )

T

(Xy )

=

In the model underlying the LSR solution, we included noise
on y. But of course, in practice, the measurements X are
not noise free either. If we do include it, the model becomes
wT (X − D) + n

(3)

where D is the noise on the measurements X. Suppose we
know however the covariance matrix of D, assuming furthermore that D is gaussianly distributed:
E{DDT }
k
P (D)

λ2 I

=



1

√
exp −tr
2πλ2

=



DDT
2λ2



Minus two times the log likelihood, is then equal to (up to
a constant term):
−2l(X, y|w, σ 2 , D) = −2 log(P (X, y|w, σ 2 , D))



=

y − wT (X − D)

T

y − wT (X − D)

2σ 2
The maximizer of the likelihood is equal to the minimizer
of this quantity. Note that −2l(X, y|w, σ 2 , D) is equal to
the square loss corresponding to the weight vector w.
Since we don’t know the noise D, this minimization of
the squared loss can not be carried out in an exact way.
However, we are able to average the log likelihood with
respect to D. This leads to
=

L(X, y|w, σ 2 )
ED {−2l(X, y|w, σ 2 , D)}

Z
=
∝
∝



y − wT (X − D)

T
P (D)dD

3. FROM CANONICAL CORRELATION
ANALYSIS TO ITS REGULARIZED VERSION

Differentiating this equation with respect to w and equating
to zero, leads to the optimal value for wRR
(CX + λ2 I)−1 CXy

=



In general, λ will not be known. The standard approach to
estimating this hyperparameter is applying cross validation.
The cross validation score is then the squared error of the
test set, evaluated for a w obtained using a training set.
So far our treatment of RR. Note that these ideas are
no more than a reformulation of ideas existing in literature.
We provided them for reference, and in order to motivate
the development of thoughts in the next section on CCA.

yy + wT XX T w + λ2 wT w − 2yX T w
Cy − 2wT CXy + wT (CX + λ2 I)w

wRR

log P (X, y|w, σ 2 )

2.4. Practical aspects

(4)

y − wT (X − D)

2σ 2

D
T

=



Optimizing this last quantity would lead to the maximum
likelihood estimator of w in the presence of noise. Thus in
fact, we are optimizing a lower bound on the log likelihood.
For reference, in appendix we add a derivation of the
maximum likelihood estimator for w given the proposed
model. The calculations are much more cumbersome. However, it is clear that it is not guaranteed that the maximum
likelihood estimator will yield the best performance, where
performance is measured in terms of expected squared error
(the quantity optimized by the ridge regression estimator).
Therefore, as a second remark, note that the sample
expectation over the (X, y) samples and the expectation
over D (as given in equation (4)) of the squared error is
the best estimate for the expected squared error over the
distributions over X, y and D. (This is due to a standard
property of the sample mean of a random variable, namely
that it is the best estimate of the population mean. Furthermore, the law of large numbers guarantees convergence.
Note however we assume that X, y and D are iid distributed
and that there is no prior on the distributions of X and y.)
Therefore, the RR estimator is the minimum least squares
error estimator for this type of linear systems with noise.
As a third remark, we would like to point out that it
is a standard result that maximum likelihood estimators
are unbiased. Since the RR estimator is not a maximum
likelihood estimator, we can conclude that it is a biased
estimator.

2.2. Ridge regression as the maximizer of the expected log likelihood

=

log ED {P (X, y|w, σ 2 , D)}

−1
CX
CXy

This completes the proof.

y

≤

(5)

In contrast to regression, CCA should be catalogued under the denominator of multivariate statistics. While in
regression, one searches for a direction in the X space that
predicts the y space as good as possible, in doing CCA, one
searches for a direction in the X space and one in the Y
space (that is multidimensional as well) so that order the
correlation between the projections on these directions is
maximal. One can still go further, and look for directions

2

Note again that CX + λ I is positive definite, so, the optimality conditions correspond to a minimum of L(X, y|w, σ 2 ).
We have thus proven the following:
Theorem 2 The estimator of w that maximizes the expected log likelihood of the data, given model (3), is given by
the ridge regression estimator wRR = (CX + λ2 I)−1 CXY .
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where we assume that NX and NY are gaussianly distributed with covariance matrices

uncorrelated with the previous ones, that, under this additional constraint, maximize the correlation between the X
and the Y space. And so on.
The classical approach to CCA is using these geometrical arguments [2]. However, in this paper, we will approach
CCA as an estimator of a linear system underlying the data
X and Y .
For conciseness and ease of notation, we will assume
that the dimensions of X and Y are both equal to d. However, most of the results are easy to extend towards different
dimensions for X and Y .
Notation. In contrast to the previous section, we will
not work with a one-dimensional y, but with Y ∈ Rd×k .
Also, C ∈ Rd×k . The sample covariance matrices CY and
T
T
CXY = CYT X are defined as CY = Y Yk and CXY = XYk .
MX , MY ∈ Rd×d are square mixing matrices. Furthermore,
−T
WX = MX
and WY = MY−T . These matrices contain ddimensional weight vectors wX,i and wY,i in their columns.
Analogously, vX,i and vY,i are the d-dimensional columns
of VX , VY ∈ Rd×k . The diagonal elements of the diagonal
matrices Ξ, Σ, ΛX , ΛY ∈ Rd×d are ξi , σi , λX,i and λY,i .
Most of the results can be generalized towards different
dimensions dX × k and dY × k for X and Y , however, due
to space limitations we will not do this in this paper.

T
E{NX NX
}
=
k

That this stationary point corresponds to a maximum, ie
that the CCA solution is a maximum likelihood estimator
of the parameters of (8), will be left as a conjecture in this
paper.
Proof. The probability of X and Y given WX , WY , Σ2
and C is given by
P (X, Y |WX , WY , Σ2 , C)
P (X|WX , Σ2 , C)P (Y |WY , Σ2 , C)

where
P (X|WX , Σ2 , C)

CCA solves the following optimization problem:



exp

T
XY T vY,i
vX,i

−

=

(6)
T
T
vX,i
XX T vX,i vY,i
Y Y T vY,i

T
vY,j
Y

0
CY X


= ξi

CXY
0



0
CY



CX
0

·


·



vX,i
vY,i





−

(11)
−2



1
tr
2

(WYT Y

− C)Σ

(WYT Y

T

− C)



p

2π det(WY Σ−2 WYT )−1

(7)

P (X, Y |WX , WY , Σ2 )

Z
∝

(12)

P (X, Y |WX , WY , Σ2 , C)P (C)dC

=

pC

det(I + 2Σ−2 ) ·

p

T
det((WX Σ−2 WX
)(WY Σ−2 WYT )) ·

exp

3.2. Canonical correlation analysis as a maximum
likelihood estimator

−

1
T
T
tr (WX
X)T Σ−2 (WX
X)
2

h

+(WYT Y )T Σ−2 (WYT Y )

Now, assume the following model underlying the data
=
=

− C)



After some tedious but straightforward calculations, one
can thus show that the evidence P (X, Y |WX , WY , Σ2 ) is
equal to

The generalized eigenvectors vX,i with vY,i are the corresponding canonical components in both spaces, and ξi is
the canonical correlation corresponding to vX,i and vY,i .

X
Y

T

P (Y |WY , Σ , C)

and

exp

vX,i
vY,i

− C)Σ

T
X
(WX

T −1
2π det(WX Σ−2 WX
)

Y vY,i = 0



−2

2

=



T
X
(WX

p

T

where vX,i , vY,i ∈ Rd×1 and i = 1, . . . , d.
One can show this problem reduces to solving the following generalized eigenvalue problem:

(10)



1
tr
2

p

T
vX,i
XX T vX,j = 0

s.t. ∀j < i

E{NY NYT }
k

Theorem 3 The generalized eigenvectors VX and VY given
by the generalized eigenvalue problem solved by CCA (if
properly normalized) and (Ξ−1 − 1) where ξi are the canonical correlations, correspond to a stationary point of the likelihood function with variables WX , WY and Σ2 respectively,
parameters in the model (8), given the data X and Y .

=

maxvX,i ,vY,j ,∀i,j

=

where for each i < j, σi > σj > 0. Furthermore, without
loss of generality, we assume that the covariance matrix of
C is equal to the identity.
We are now ready to state the following theorem:

3.1. Standard geometrical approach to canonical correlation analysis

ξi =

Σ2

T
−Σ−2 (WX
X + WYT Y )T · (I + 2Σ−2 )−1 ·

MX (C + NX )
MY (C + NY )

(8)

T
WX
X

=

C + NX

(9)

WYT Y

=

C + NY

T
(WX
X

and thus

+

WYT Y

−2

)Σ

i

!

In order to maximize the likelihood, we can as well minimize
minus 2 times the log likelihood:
−2l(X, Y |WX , WY , Σ2 )
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(13)

− log det(I + 2Σ−2 )

=

Theorem 4 Properly normalized VX and VY , and (Ξ−1 −
I), given by the regularized canonical correlation (RCCA)
estimate as defined by the following generalized eigenvalue
problem

T
− log det((WX Σ−2 WX
)(WY Σ−2 WYT ))

h

T
T
+tr (WX
X)T Σ−2 (WX
X)



+(WYT Y )T Σ−2 (WYT Y )

+

WYT Y



i

= ξi

) + a constant

Differentiating this with respect to the matrix WX and
equating to zero, gives

=

(14)

Similarly, we can derive an analogous equation by equating
the derivative with respect to WY to zero.
=

− WY CY X WX (I + Σ )
(I + Σ ) − (I + Σ2 )−1

2(I + 2Σ−2 )−1 − 2Σ2

+

T
diag[WX
CX WX + WYT CY WY
T
T
2(WX CX WX + WYT CY WY + WX
CXY WY
T
−2
−2
+WY CY X WX )Σ (I + Σ )(I + 2Σ−2 )−2 ]

−

−2

(16)

=0
=

Now, one can see that these equations (14), (15) and
(16) hold for the CCA solution, if the columns of VX and
VY are properly normalized, so that VXT CX VX = I + Σ2 ,
VYT CY VY = I + Σ2 and with Ξ = (I + Σ2 )−1 . We can see
this since, if we multiply the CCA generalized eigenvalue
on the left hand side, we obtain:
equation by VXT VYT
VXT CXY VY
VYT CY X VX

=
=

tr

Filling everything out completes the proof.

YYT
k

In general, however, we will not only encounter noise on
the latent variables C, but there will be measurement noise
on X and on Y as well. Therefore, we adopt the following
model
=

C − NX

=

C − NY



−2L(X, Y |WX , WY , Σ2 )
EDX ,DY {l(X, Y |WX , WY , Σ2 , DX , DY )}

h

T 2
Σ−1 WX
ΛX WX Σ−1

+
−

Σ−1 WYT Λ2Y WY Σ−1
T 2
(I + 2Σ−2 )−1 Σ−2 WX
ΛX WX Σ−2 (I + 2Σ−2 )−1

−

(I + 2Σ−2 )−1 Σ−2 WYT Λ2Y WY Σ−2 (I + 2Σ−2 )−1

i

By simply writing out the equations, this can be shown
T
and CY =
to be equal to (13), with every CX = XX
k

3.3. Regularized CCA as the maximizer of the expected log likelihood

WYT (Y − DY )

VX,i
VY,i

to be equal to a sum of two terms, the first one of which is
equal equation (13), and the second one of which is

VXT CX VX Ξ
VYT CY VY Ξ

T
WX
(X − DX )


·

(18)

Each of these factors can be expressed in the same way as
equations (10) and (11), where X and Y have to be replaced
by X − DX and Y − DY .
We can again take the expectation of (19) over C, leading to the analogon to equation (12), with the same replacements. Taking the logarithm multiplied by minus two, and
subsequently averaging with respect to DX and DY , leads
to minus two times the average log likelihood

(15)

Furthermore, differentiating this with respect to Σ
(taking the diagonality of Σ into account), leads to
−





P (X, Y |WX , WY , Σ2 , C, DX , DY )
P (X|WX , Σ2 , C, DX )P (Y |WY , Σ2 , C, DY )
P (X − DX |WX , Σ2 , C, DX )P (Y − DY |WY , Σ2 , C, DY )

=
=

2 −1

WYT CY WY
2

0
CY + Λ2Y

VX,i
VY,i

That this stationary point corresponds to a maximum, will
be left as a conjecture in this paper.
Proof. The outline of the proof is clear, given the maximum likelihood derivation of ordinary CCA, and the RR
derivation. We will thus only state some intermediate results of the proof, for conciseness.
The probability of X and Y given WX , WY , Σ2 , C and
DX and DY is given by

After multiplication on the right with Σ4 (I + 2Σ−2 )(I +
T
Σ2 )−1 and on the left with WX
, this leads to
=

CX + Λ2X
0


·

correspond to a stationary point of the expected log likelihood
with variables WX , WY and Σ2 respectively, parameters in
the generative model (17). The expectation is carried out
over the distributions of DX and DY .

−T
−2WX
+2CX WX [Σ−2 − Σ−2 (I + 2Σ−2 )−1 Σ−2 ]
−2CXY WY [Σ−2 (I + 2Σ−2 )−1 Σ−2 ]
0

T
WX
CX WX − WX CXY WY (I + Σ2 )−1
(I + Σ2 ) − (I + Σ2 )−1



CY X

T
−(WX
X + WYT Y )T · Σ−2 (I + 2Σ−2 )−1 Σ−2 ·
T
(WX
X

CXY
0

0

replaced by CX =

XX T
k

YYT
+ Λ2Y .
k
T
CY X remain

+ Λ2X and CY =
T

The cross product terms in CXY = XYk =
unchanged.
Now, we can differentiate this cost function with respect
to WX and WY again, leading to optimality conditions that
are fulfilled by the regularized CCA solution, given that WX
T
and WY are normalized so that WX
(CX +Λ2X )WX = I +Σ2 ,
T
2
2
WY (CY + ΛY )WY = I + Σ and with Ξ = (I + Σ2 )−1 .
This completes the outline of the proof.
Note that it is straightforward to extend the theorem
to general covariance matrices for DX and DY .

(17)

We will assume the noise terms DX and DY are gaussianly
distributed, with covariance matrices equal to Λ2X and Λ2Y .
We are now ready for the main theorem of the paper:
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3.4. Interpretation
We can interpret this in a similar way as RR. The expected
log likelihood is a lower bound of the log of the expectation.
Therefore, the maximum of the expected log likelihood is
a lower bound on the likelihood, DX and DY taken into
account.
Again, this does not represent an unbiased estimator,
since it is not the maximum likelihood estimator. Neither
is it the least squares estimator, as it was in the RR case.
However, instead of least squares, another measure is appropriate, namely the log likelihood (in the RR case, least
squares was equivalent with log likelihood).
3.5. Practical aspects
The result is mainly theoretical. However, there is an important practical aspect.
In general, the noise covariance matrices ΛX and ΛY
are not known. Thus, they have to be estimated using cross
validation, or by some other method. If we use cross validation, we need a cost function to be optimized. For this,
based on the analogy with RR, it has now been made acceptable to use the log likelihood given the data (equation
(13)). Thus, for each of the regularization parameters, we
solve the generalized eigenvalue problem making use of the
training set. The regularization parameter for which the
log likelihood of the test set is maximal, can be taken as
the estimate for the noise covariance.
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w


2

γ

=

(19)



T
T
T
(y − wM
L X)(y − wM L X)
− 1 (20)
T
2
2
σ + λ wM L wM L

Important to note is that this equation is implicit. An iterative procedure to compute wM L is however suggested by
the theorem. In this paper, we will not go into the convergence properties of this iteration. Furthermore, we will
only prove that the given solution represents a stationary
point of the likelihood, and leave as a conjecture that this
stationary point corresponds to a maximum.
Proof. We want to maximize the probability of the
data X and y given the parameters w, γ, σ, with respect to
w.

γ→

P (X, y|w, γ, σ)

∝

P (X, y|w, γ, σ, D)P (D|w, γ, σ)dD


1
[y − wT (X − D)][y − wT (X − D)]T
2
2σ
D

1
1
1
·p
· exp − 2 tr[DDT ] · p
dD
2λ
(2πσ 2 )n
(2πλ2 )n
1
p
·
det(Iσ 2 + wwT λ2 )
exp −

"
· exp

−

1
tr
2

(y − wT X)T (y − wT X)
σ2

(w(y − wT X))T
−
σ2



wwT
I
+
λ2
σ2

−1 (w(y − wT X))

!#

σ2

Taking the logarithm and multiplying with -2, leads to
(y − wT X)(y − wT X)T
σ2
h (w(y − wT X))T
i
T
I
ww −1 (w(y − wT X))
tr
( 2 +
)
2
2
2
σ
λ
σ
σ
log det(Iσ 2 + wwT λ2 ) +

−

λ2 wT w

2wλ2 σ 4
+ λ2 wT w)2

I
wwT
+
2
λ
σ2

−1
w

=

T
T
T
(y−wM
L X)(y−wM L X)
T
w
kwM
L ML

−λ2 , namely to −

ZD

=

λ2 σ 2 wT w
+ σ2

=

σ2

2wλ2
+ λ2 wT w

(21)

−

λ2
.
k

The second term is

unimportant in the sense that it quickly disappears
as the sample size increases. The first term has the
squared error in the numerator. This will be assumed
to be due to D only, since this doesn’t lower the likelihood. Thus, γ converges to a sample estimate of

Z
=

w

Combining all these results leads to the proof of the theorem.
Although this theorem provides only an implicit formula
for wM L , it allows some intuitive interpretation: γ 6= 0 leads
to a correction on CX that has the following properties:
• for σ → ∞, all the noise will be attributed to n, since
this will have a negligible effect on the likelihood as
compared to noise attributed to D. The result is that
2
γ → λk , meaning that for large samples size k, it is
assumed that the estimate of CX is probably correct
(since the noise D = 0).
• for σ → 0 on the other hand, all the noise will be
attributed to the high variance noise D, since this
will lead to the highest likelihood. The result is that

where



−1

Furthermore, we need the derivative of the logdet term with
respect to w, it turns out to be equal to

Theorem 5 The maximum likelihood estimator wM L for
w, given model 3, is equal to

1
−λ ·
k

I
wwT
+
2
λ
σ2

(σ 2

RR is the maximizer of the expected log likelihood, if the
identity matrix multiplied by a constant, added to CX is
equal to the noise covariance.
However, it is possible to write an analytical solution
for the maximum likelihood estimator for w. Interesting
to note is that the solution takes the same form, however,
the identity matrix added to CX then is multiplied with a
different constant, which can be negative or positive.

2



the derivative with respect to w of which is

7. APPENDIX - A MAXIMUM LIKELIHOOD
ESTIMATOR FOR THE RIDGE REGRESSION
MODEL

wM L = (CX + γI)−1 CXy

T

790

T
DD
wM
L
k

T

wM L

T
w
wM
L ML

. By subtracting this

estimated sample noise covariance from CX , one removes the noise influence in an optimal way.
• for intermediate values of σ, the noise can be seen as
attributed proportionally to both noise terms. The
parameter γ is then an estimate of minus the variance
λ2 of the noise in this sample that is due to D.
Note the similarities with total least squares (TLS) [10]:
asymptotically for large sample sizes k, TLS yields the same
solution, since the sample estimate of λ2 will converge to
its true value. In TLS, one always takes γ = −λ2 . In other
words: whereas TLS assumes that λ2 is the sample covariance of D, the ML estimator given in this paper provides
an optimal estimate for this sample covariance, given the
data and the population covariances.
A simple analogous derivation of a maximum likelihood
estimator of the model (17) is clearly not possible. However,
note that we do not necessarily want a maximum likelihood
estimate. Most of the time, we are not interested in estimating the weight vector w, but rather in a w that most likely
gives good estimates for y given yet unobserved samples X.
This is precisely what RR does.

