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ABSTRACT

In this paper we give a lifting factorization of any ma-
trix of order 3 or 4 whose determinant is equal to one. In
the case of matrices of order 4, the factorization has been
obtained by solving a system of algebraic equations, thanks
to a Gröbner basis computation. The lifting factorization
associated with rounding allows to construct a transforma-
tion that maps integers to integers and that is close to the
separation matrix of an instantaneous mixture of indepen-
dent components, given by any blind source separation al-
gorithm. We have applied such transforms to images in or-
der to reduce mutual information between inter-band pixels
in a multiresolution decomposition. Results of our simula-
tions are presented.

1. INTRODUCTION

In many applications, the transmission or the storage
of digital images involve such an amount of information
that current lossless coding do not satisfy users. Moreover,
the lossless codecs do not assure a fixed bit rate: whatever
the codec may be, it will exist an image that will be badly
compress by the lossless codec. Therefore current lossless
coding schemes are incompatible with data transmission via
band limited channels. However, for some images classes,
like seismic, medical or satellite images, the users fear arti-
facts due to lossy codecs and they are used to lossless image
coding. For these users, embedded progressive coding from
lossy to lossless may be a good compromise. Multireso-
lution decompositions with fixed filter coefficients, like the
S + P transform [13] and the wavelet decompositions [3],
or with filter coefficients that adapt to the encoded image by
linear mean square estimation [2], are well suited to embed-
ded progressive coding, both in quality and in resolution. In
the transformed domain, the correlation between pixels, in
both intra-band and inter-band subimages, has significantly
decreased. Therefore, it might be relevant to go beyond
second-order moments, by means of independent compo-

nent analysis (ICA) in order to further reduce redundancy
after the multiresolution decomposition. In this paper we
investigate the idea of adding a stage, at each level of de-
composition, made of a separation matrix with the aim of
reducing mutual information between pixels of inter-bands.
The idea of using ICA techniques in lossless image coding
has already been studied by S. M. Marusic and G. Deng [12]
and others. Our approach is quite different : the introduc-
tion of an ICA stage in a multiresolution decomposition al-
lows progressive coding. The lifting scheme introduced by
W. Sweldens is well suited to construction of multiresolu-
tion decompositions that map integers to integers [3], the
same holding the M -band nonlinear subband decomposi-
tions introduced by F. J. Hampson and J-C. Pesquet [10].

In Section 2 we recall well known results of the theory
of information [6] and of ICA applied to blind source sepa-
ration (BSS). In Section 3 we present a factorization of any
matrix A of order 3 or 4, whose determinant is equal to one,
into the product of three triangular matrices with ones on
the principal diagonal. This factorization, associated with
rounding to the nearest integer, permits the construction of
a transformation that maps integers to integers and which
is close to the A transform. Indeed, when we neglect the
rounding, the transforms are the same. The factorization has
been obtained by computing first a Gröbner basis and then
by solving a system of algebraic equations, this method can
be extended to matrices of any order M . In Section 4, we
apply the separation matrix, obtained with a BSS algorithm,
to four different multiresolution decompositions, which are
the S +P transform [13], the 5/3 wavelet [1], the LAE and
the GAE methods described in [2], in order to reduce the
mutual information between inter-band pixels.

2. REVERSIBLE TRANSFORM AND CODING

Let X = (X1, . . . , XM )t be a discret random vector
which takes its values in a finite set V . Let H(X) and
H(Xi) denote the entropies of X and Xi (1 ≤ i ≤ M)



respectively. These entropies are related to the mutual in-
formation I(X) between the components of X according to
the relation

H(X) =

M
∑

i=1

H(Xi) − I(X). (1)

The mutual information I(X) is always non negative. Let
F be a bijective application between the set V and another
set V ′ and let us introduce the random vector

F (X) = X ′ = (X ′
1, . . . , X

′
m)t, (2)

where m is not necessarily equal to M . Since the transfor-
mation F is reversible (bijective) the entropy is preserved :
H(X ′) = H(X) and the relation (1) still holds for the
random vector X ′. Moreover, on the one hand, when the
components of X are coded independently, the size of the
bit stream is, on average, equal to 1

M

∑M
i=1 H(Xi) bits per

component of X . On the other hand, when the redundancy
between components is entirely exploited by the coder, the
mean size of the bit stream is reduced to 1

M H(X) bits per
component of X . Therefore, the quantity 1

M I(X) corre-
sponds to the optimal coding gain (given in bits per compo-
nent of X) that can be expected in applying first a reversible
transformation F to X and then in coding independently the
new components X ′

i .
Let us suppose now and until the end of this section that

the random vector X = (X1, . . . , XM )t is centered and
takes real values. BSS algorithms applied to X are bro-
ken into two stages [4]. First whitening: Z = WX (we
assume that the number of independent sources is equal to
M ), then reduction of mutual information via an orthogo-
nal transformation Q: Y = QZ. By applying a singular
value decomposition to the correlation matrix of X , we can
express W = DP, where P is an orthogonal matrix and
D an invertible diagonal matrix. The indeterminate values
of the sources’ variances are arbitrarily fixed to 1 in BSS,
but this is not the best choice for coding applications as we
shall see in the next sections. So we introduce an arbitrarily
invertible diagonal matrix ∆ and consider the vector

X ′ = ∆QDPX with PPt = QQt = I, (3)

where I denotes the identity matrix. The BSS algorithms
return each of the matrices P, Q and D.

Let S = X(1), X(2), . . . , X(N) be a population of in-
dependent samples of X , and let (P,Q,D) be the returned
matrices of a BSS algorithm applied to the population S.
Any orthogonal matrix is invertible. However, this does not
imply that the transformation (3) is reversible when it is im-
plemented with a floating point arithmetic processor. In the
following we show that the matrix ∆QDP admits a lift-
ing factorization (see Fig. 1), provided the matrix ∆ is well
chosen (we just process the cases M = 3 and M = 4).

Then, by rounding intermediate values (as in [3]) it will
be possible to construct a reversible decomposition F that
maps integers to integers and such that X ′′ = F(X) ' X ′.
Therefore, we shall reasonably expect that I(X ′′) � I(X),
(i.e., a significant coding gain).

3. LIFTING FACTORIZATION OF MATRICES

Proposition 1 Let A = [aij ] (1 ≤ i, j ≤ 3) be a matrix
of order 3 and δ = a12a23 − a22a13. If det(A) = 1 and
δ 6= 0, then A can be factored into

A =









1 0 0
a 1 0
b c 1

















1 d e
0 1 f
0 0 1

















1 0 0
a1 1 0
b1 c1 1









, (4)

with e = a13, f = a23 − aa13 (a is chosen in order to sat-
isfy f 6= 0), c1 = (a22 − aa12 − 1)/f , d = [a13(1 − a22)+
a12a23]/f , b = −[a33(fc1 + 1) − fa32 − 1]/δ, c = (−d
+a12a33 − a13a32)/δ, b1 = a31 − ba11 − c(a21 − aa11),
a1 = a21 − aa11 − fb1.

Fig. 1 shows lifting steps of a matrix when M = 3. We
give now a lifting factorization for any square matrix A of
order four, whose determinant is equal to one. We wish to
find two lower triangular matrices

L1 =





1 0 0 0

a 1 0 0

b c 1 0

d e f 1



,L2 =





1 0 0 0

a2 1 0 0

b2 c2 1 0

d2 e2 f2 1



 (5)

and one upper triangular matrix such that

A = L1UL2. (6)

If we put

U=









1 a1 b1 c1

0 1 d1 e1

0 0 1 f1

0 0 0 1









,A=









x1 x2 x3 x4

y1 y2 y3 y4

z1 z2 z3 z4

t1 t2 t3 t4









, (7)

the equation (6) can then be recast as a system E of 16 alge-
braic equations with 18 unknowns, which are

F = {a, b, c, d, e, f, ai, bi, ci, di, ei, fi (1 ≤ i ≤ 2)} (8)

and 16 parameters: P = {xi, yi, zi, ti (1 ≤ i ≤ 4)}. Each
algebraic equation can be expressed as P = 0, where P
is a polynomial of the variables F with parameters in P .
The solvability of such a system of multivariate polynomial
equations as well as the computation of all its solutions are
two fundamental problems of algebraic geometry, which
have been shown to be reducible, by relatively easy algo-
rithms, to the problem of constructing Gröbner bases [7].
The main result of Gröbner bases theory is that the problem



of constructing such a basis can be solved algorithmically.
As it is relatively involved to present and understand the un-
derlying theory of Gröbner bases, we content ourselves with
giving a very intuitive definition of such a base, which, in
the first place, will hopefully help the non initiate reader
gain a good insight into the reason for computing Gröb-
ner bases. More details about Gröbner bases theory can be
found in [7]. Let’s denote E the set of multivariate poly-
nomials in the indeterminates F involved in the above set
of algebraic equations. A Gröbner basis is a finite set G of
polynomials such that E and G have exactly the same ze-
ros and G is in a certain canonical form that, roughly, is a
generalization of the triangular form well known for linear
multivariate polynomials. In practice, the computation of
a Gröbner basis makes it possible to turn our original sys-
tem of algebraic equations into a new one which is simpler
to handle. The following results can be obtained by using
any symbolic computation software systems providing an
implementation of the Gröbner bases method.

detA − 1 = 0
eq1(d2, e2, f2) = 0

eq2(b2, c2, d2, e2, f2) = 0
eq3(a2, b2, c2, d2, e2, f2) = 0

eq4(f1, b2, c2) = 0
eq5(e1, a2, b2, c2) = 0

eq6(d1, a2, d2, e2, f2) = 0
eq7(c1) = 0

eq8(b1, f2) = 0
eq9(a1, c2, e2, f2) = 0
eq10(f, d2, e2, f2) = 0

eq11(e, b2, c2, d2, e2, f2) = 0
eq12(d, a2, b2, c2, d2, e2, f2) = 0

eq13(c, b2, c2, d2, e2, f2) = 0
eq14(b, a2, b2, c2, d2, e2, f2) = 0
eq15(a, a2, b2, c2, d2, e2, f2) = 0















































































































(9)

Note that the result of the computation of a Gröbner basis
is not unique and depends upon the ordering of the power
products of the indeterminates. Many different orderings
can be used. However, not every admissible ordering allow
to simplify the original system of algebraic equations. In
our case, we chose to use the lexicographic ordering which
can be defined as follows. The lexicographic ordering (�)
is analogous to the ordering of words used in dictionaries.
For instance, arrow � arson since the third letter of arson
comes after the third letter of arrow in alphabetical order,
whereas the first two letters are the same in both. In our
problem, the ordering of the variables is chosen as follows:
a � b � c � d � e � f � a1 � b1 � c1 � d1 � e1 �
f1 � a2 � b2 � c2 � d2 � e2 � f2.

Using G, we can turn our original system of algebraic
equations into a new one which is much simpler to handle.
It is worth noting that the new set G of polynomials con-
tains the constant polynomial detA − 1, simply bringing

to light the underlying working hypothesis on the determi-
nant of A. Using the system (9) of algebraic equations, it is
now straightforward to get all the solutions by solving each
equation line of the system one after the other, just as we
would proceed with a triangular system in the case of linear
multivariate polynomials. The inspection of the new system
of algebraic equations reveals the existence of three degrees
of freedom. By setting c2 = d2 = f2 = 0, we obtain the
following solutions

e2 = (1−δ4,4)/δ4,2; f=δ3,4+e2δ4,2

b2 = (1+e2|x1,y4|−|x1,y2|)/(|x2,y3|+e2|x3,y4|)

a2 = (x1−1−b2x3)/(x2−e2x4)

f1 = δ4,3+b2δ4,1; d=t1−b2t3−a2(t2−e2t4)

e1 = |x1,y4|−a2|x2,y4|−b2|x3,y4|

d1 = |x1,y3|−a2|x2,y3|−a2e2|x3,y4|

c1 = x4; b1=x3; a1=x2−e2x4

e = |x1,t2|−e2|x1,t4|+b2(|x2,t3|+e2|x3,t4|)

c = |x1,z2|−e2|x1,z4|+b2(|x2,z3|+e2|x3,z4|)

b = z1−b2z3+a2(e2z4−z2)

a = y1−b2y3+a2(e2y4−y2)







































































(10)

where δi,j is the minor of order 3 obtained by eliminating
the ith row and the j th column of A and |ui, vj | is the mi-
nor of order 2 obtained by keeping the rows u, v and the
columns i, j; for instance

δ4,2 =

∣

∣

∣

∣

∣

∣

x1 x3 x4

y1 y3 y4

z1 z3 z4

∣

∣

∣

∣

∣

∣

, |x3, z4| =

∣

∣

∣

∣

x3 x4

z3 z4

∣

∣

∣

∣

. (11)

With the factorization (6), it becomes possible to construct a
nonlinear transformation that maps integers to integers and
that is close to the linear transform A, by introducing round-
ing to the nearest integer, as in [3].

4. REDUCTION OF MUTUAL INFORMATION
BETWEEN INTER-BAND PIXELS

The well known formula [6] for measuring mutual in-
formation between the M components of a discrete random
vector X = (X1, . . . , XM )t taking its values in V is given
by

I(X) =
∑

x∈V

p(x) log2

p(x)

p(x1) · · · p(xM )
(12)

where x = (x1, . . . , xM ), p(x) = P (X = x) and p(xi) =
P (Xi = xi). Let us introduce the ranges I1, . . . IM of x1,
. . . xM respectively, and the set [[1,K]] of natural integers in
[1,K]. Let x1, x2, . . . , xK be K réalisations of the random
vector X . The joint probabilities and the marginal proba-
bilities involved in (12) are defined, for any x ∈ V , xi ∈ Ii

(1 ≤ i ≤ M), by p(x) = card({k ∈ [[1,K]] : xk = x})/K
and p(xi) = card({k ∈ [[1,K]] : xki = xi})/K, where
xk = (xk1, . . . , xkM )t (1 ≤ k ≤ K).



Using the factorization given in Proposition 1, we add
to the lifting schemes of transforms that map integers to in-
tegers the separation matrices (see Fig. 1) obtained by the
blind source separation algorithm called jadeR [5]. Let us
call “separation” step, this additional nonlinear transforma-
tion in the decomposition. The multiresolution decomposi-
tions tested are the S + P transform [13], the bi-orthogonal
wavelet called 5/3 in [1] and the adapted decompositions
GAE and LAE [2]. All the images are initially coded with
8 bits per pixel. The GAE decomposition uses filters of or-
ders (2, 2) and the LAE uses the parameters r1 = 16 and
r2 = 8. After each level of decomposition, we compute the
separation matrix returned by jadeR when the input data
are the three sub-images of detail. Let D11, D21 and D31

be the three detail subimages obtained after the first level
of decomposition and localized respectively in the top-right,
bottom-right and bottom-left hand corner of the transformed
image. More generally, let D1i, D2i and D3i denote the de-
tail subimages of the ith level of decomposition. For an im-
age of size M ×N , decomposed into L levels, the weighted
mutual information between detail subimages, expressed in
bpp, is given by the relation

I1 =

(

1 −
1

4L

)−1 L
∑

i=1

I(D1i, D2i, D3i)

3 × 4i
. (13)

Let us introduce the random vector X = (X1, X2, X3)
t,

whose components are the pixel values of the three detail
sub-images (at the same localization) obtained after the de-
composition and before the “separation” step. Let H(X) be
the average of the components’ entropies (

∑3
i=1 H(Xi) =

3H(X)). After the “separation” step (including rounding),
the vector whose components are the pixel values of the de-
tail sub-images becomes X ′ = (X ′

1, X
′
2, X

′
3)

t. Since the
transformation is reversible, the entropy does not vary and
it results from the equation (1) that

I(X) − I(X ′) = 3(H(X) − H(X ′)). (14)

In other words the loss of mutual information is equal to
three times the coding gain expected (in bpp).

The separation matrix B = QDP returned by jadeR

does not satisfy the condition detB = 1, which is required
for lifting factorization. However, the condition of unit vari-
ance of the estimated sources (that is generally assumed in
BSS) is not useful for reducing mutual information between
the estimated sources. Indeed, if I(X) denotes the mutual
information between the components of a random vector X
and if ∆ is a diagonal matrix, it can be easily verified that
I(∆X) = I(X). Hence, we have left multiplied the re-
turned matrix B with a diagonal matrix ∆: A = ∆B, in
order to satisfy the condition detA = 1.

Because of the rounding introduced in the lifting sche-
me, the result of compression depends on the diagonal ma-
trix ∆. Surprisingly, we observed that it depends greatly on

∆. The problem is then to choose a good diagonal matrix
∆, i.e., a matrix such that the nonlinear transform (mapping
integers to integers) associated with the lifting factorization
of A, reduces the average first order entropy of the detail
sub-images. We have tested five different possibilities for
∆, which are

∆1 = diag( 1
detB

, 1, 1), ∆2 = diag(1, 1
detB

, 1)
∆3 = diag(1, 1, 1

detB
), ∆4 = I

(detB)1/3

∆5 = D−1







(15)

where D is the diagonal matrix computed during the white-
ning step of jadeR.

In all our simulations we have observed that the mul-
tiplication by the diagonal matrices ∆4 or ∆5 do not im-
prove the decomposition for lossless coding. Indeed, the
average entropy of the detail sub-images in highest resolu-
tions do not decrease after the “separation” step. Moreover,
we have estimated the mutual information between detail
sub-images after multiplication by the matrix B and with-
out rounding (in this case, the pixels take real values and we
have used the algorithm described in [8] for estimating the
mutual information, like in [11]). We have noted that the
mutual information estimated is generally not smaller than
the mutual information before the multiplication by the ma-
trix B (see Table 2). However, we have observed that with
rounding, the “separation” step associated with a diagonal
matrix of the form ∆1, ∆2 or ∆3 can reduce, sometimes
significantly (for some medical MRI images) the mutual in-
formation. It can be used for reducing the weighted first

Av. Natural Images Av. MRI Images Av. Sat. Images
4.62 2.61 4.86
4.57 2.45 4.82

Table 1. Weighted first order entropy in bpp. First row:
without “separation” step, second row: after “separation”
step following the procedure given in the text. For each im-
age, we have used the decomposition giving the smallest
weighted first order entropy among S + P , 5/3, GAE and
LAE. The averages have been obtained on 17 (for MRI), 10
(for satellite) and 12 (for natural) images.

order entropy of decomposed image (see Table 1) in follow-
ing this procedure: for the two first levels of decomposition
(the others do not modify significantly the weighted first or-
der entropy of the decomposed image) a “separation” step
is added if and only if it reduces the inter-band mutual in-
formation (compared with no “separation” step). And when
a “separation” step is added, it is the best among the three
possible ∆ = ∆1, ∆2 or ∆3. We emphasize that the size
of the bit stream required for coding the separation matrices
is insignificant.
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Fig. 1. Lifting scheme of a separation matrix (according to
Proposition 1) between the three detail subimages.

In Table 2, we present the weighted mutual informa-
tion given by the relation (13) between inter-band pixels of
the decomposed image, for three different cases: first with-
out “separation” step, second with multiplication by B and
without rounding, and third with “separation” step . The
tests were carried out on different kinds of images (med-
ical MRI, satellite1 and natural images), all coded with 8
bits per pixel and of dimension 512 × 512. At each level of
decomposition, the mutual information between the three
sub-images of detail is computed assuming the pixels in a
same sub-image are independent.

5. CONCLUSION

In this paper, we investigated ICA applied to lossless
image coding through multiresolution decompositions. We
first gave a lifting factorization to any matrix of order three
or four, whose determinant is equal to one, by using the
mathematical framework of Gröbner bases. We then applied
this method to separation matrices of order three with the
aim to reduce the mutual information between inter-band
pixels, in the process of multiresolution decomposition.
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Image S + P 5/3 GAE LAE

Lena
0.11
1.35
0.17

0.14
1.26
0.19

0.14
1.18
0.21

0.13
1.31
0.15

Mandrill
0.40
0.11
0.43

0.41
0.14
0.46

0.41
0.07
0.32

0.40
0.19
0.44

Peppers
0.13
1.13
0.13

0.14
1.16
0.17

0.16
0.91
0.18

0.15
0.86
0.35

Av. Nat.
0.19
0.83
0.27

0.20
0.82
0.28

0.23
0.80
0.21

0.20
0.87
0.27

Av. MRI
0.20
0.85
0.19

0.21
0.43
0.17

0.24
0.73
0.20

0.18
0.93
0.21

Av. Sat.
0.19
0.63
0.28

0.20
0.66
0.30

0.20
0.56
0.24

0.19
0.60
0.30

Table 2. Estimation of the weighted mutual information (in
bpp) of the decomposed image. First row: without “sepa-
ration” step, second row: with multiplication by B with no
scaling nor rounding (using the algorithm described in [8]),
third row: with “separation” steps associated with the di-
agonal matrix ∆i (1 ≤ i ≤ 3) giving the smallest result
and with rounding.
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