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ABSTRACT

At the previous workshop (ICA2001) we proposed the ACE-
TD method that reduces the post-nonlinear blind source sep-
aration problem (PNL BSS) to a linear BSS problem [18].
The method utilizes the Alternating Conditional Expecta-
tion (ACE) algorithm to approximately invert the (post-)non-
linear functions. In this contribution, we propose an alterna-
tive procedure called Gaussianizing transformation, which
is motivated by the fact that linearly mixed signals before
nonlinear transformation are approximately Gaussian dis-
tributed. This heuristic, but simple and efficient procedure
yields similar results as the ACE method and can thus be
used as a fast and effective equalization method.

After equalizing the nonlinearities, temporal decorrela-
tion separation (TDSEP) allows us to recover the source sig-
nals. Numerical simulations on realistic examples are per-
formed to compare “Gauss-TD” with “ACE-TD”.

1. INTRODUCTION

Blind methods for source separation have already had ma-
jor success in many areas of science (cf. references in [8],
e.g. [9, 5, 4]). For linear BSS we assume that at time t each
component xi[t] of the observed n-dimensional data vector
x[t] is a linear combination of m ≤ n statistically indepen-
dent signals, mathematically speaking

xi[t] =
m∑

j=1

Aijsj [t].

Since the source signals sj[t] and the coefficients Aij of the
mixing matrix A are unknown, they have to be estimated
from the observed signals x[t], i.e. the goal is to find a sep-
arating matrix B and signals u[t] = Bx[t] which are esti-
mates for s[t].

This work was partly supported by the EU under contract IST-1999-
14190 – BLISS and the BMBF under contract FKZ01IBB02A. An ex-
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in the Journal of Machine Learning research.

It is a challenging research topic to extend this model to
nonlinear transformations (e.g. [8]). In general, the nonlin-
ear mixing model is of the form

x[t] = f (s[t]), (1)

where f is an arbitrary nonlinear transformation which must
be at least approximately invertible. An important special
case are the so-called post-nonlinear (PNL) mixtures,

x[t] = f (As[t]), (2)

where f is an invertible nonlinear function that operates
componentwise and A is a linear mixing matrix.The PNL
model was introduced by Taleb et al.[15]. Since it models
adequately many real-world physical systems, where non-
linear transfer functions appear—e.g. in the fields of telecom-
munications or biomedical data recording sensors have some-
times nonlinear characteristics—, it represents an important
subclass of the general nonlinear model, that has attracted
the interest of several researchers (e.g. [11, 17, 16, 18, 1]).
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Fig. 1: Building blocks of the PNL mixing model and the separat-
ing system.

Many algorithmic approaches to the nonlinear BSS prob-
lem have been proposed so far (see [8] and references therein).
Recently, a very efficient temporal decorrelation method in
approximated kernel feature spaces has been presented by
Harmeling et al.[6, 7]. However, except for [7], the meth-
ods for the nonlinear BSS problem (1) are often computa-
tionally very demanding and may face convergence prob-
lems in higher dimensions. In contrast, algorithms tailored
to the PNL problem [16, 18, 1] are usually much simpler
than those for the general problem, see Eq. (1), since they



only need to invert one-dimensional nonlinear functions, see
Eq. (2).

In [18] we proposed a decoupled two stage procedure
to solve the PNL BSS problem. At first, we approximately
invert the post-nonlinearity using the ACE algorithm (esti-
mating g), and then apply a standard BSS technique that re-
lies on a temporal decorrelation algorithm (estimating the
demixing matrix B, see e.g. [2, 19]) (cf. Fig.1). Since
the two stages—equalizing and unmixing—are independent
from each other, the method can be easily generalized to
handle also convolutive mixtures with nonlinear distortions,
i.e. mixed signals that are modeled as

x[t] = f

(∑
τ

A[τ ]s[t− τ ]

)
, (3)

where A[τ ] is an n×m mixing matrix for each τ and f is
a componentwise nonlinearity. The recovery of the sources
s[t] can be simply achieved by replacing the BSS algorithm
for instantaneous mixture with a method for convolutive un-
mixing (e.g. [13]).

In this contribution, we propose a simple method called
Gaussianizing transformation (section 2.2) as a replacement
for the ACE procedure (which is briefly reviewed in section
2.1). In section 3 we compare our new “Gauss-TD” with
“ACE-TD” on realistic examples.

2. METHODS

2.1. Maximizing correlations with the ACE algorithm

We briefly recall the application of the ACE algorithm in
the context of the two-dimensional post-nonlinear mixing
model:

x1 = f1(A11s1 + A12s2)
x2 = f2(A21s1 + A22s2)

where we want to estimate the nonlinear functions f1 and
f2, or their inverse functions g1 and g2.

In the ACE-TD procedure [18], the inverse functions g 1

and g2 are determined by maximizing the correlation

corr(g1(x1), g2(x2)). (4)

Intuitively speaking, the nonlinear transformation bends the
data in a scatter plot away from a straight line. Thus we
have to find a transformation that nonlinearly squeezes and
stretches the data in the scatter plot until the transformed
signals have maximal correlation in order to undo the effect
of the distortion (cf. Fig. 2 for an illustration of this process).

The ACE algorithm is an iterative procedure for finding
the optimal nonlinear functions g∗

1 and g∗
2 , which maximize

the correlation Eq. (4). Starting from the observation that
for fixed g1 the optimal g2 is given by

g2(x2) = E{g1(x1)|x2},
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Fig. 2: Monitoring of the iterative ACE procedure. The rows cor-
respond to snapshots of the iteration at initialization and after two
resp. thirty steps. The columns show a scatter plot of transformed
data v = g(x) (first column), histograms of v1 (second) and v2

(third), estimated inverse functions g1 (fourth) and g2 (fifth).

and conversely, for fixed g2 the optimal g1 is

g1(x1) = E{g2(x2)|x1},
we compute these respective conditional expectations alter-
nately, until convergence is reached. To avoid trivial solu-
tions one normalizes g1(x1) in each step by using the func-

tion norm || · || := (
E{·}2)1/2

. It is also possible to extend
the procedure to the multivariate case (for further details see
[3]).

Algorithm 1 The ACE algorithm for two variables

{initialize}
g
(0)
1 (x1)← x1/||x1||

repeat
g
(k+1)
2 (x2) ← E{g(k)

1 (x1) | x2}
g̃
(k+1)
1 (x1) ← E{g(k+1)

2 (x2) | x1}
g
(k+1)
1 (x1) ← g̃

(k+1)
1 (x1)/||g̃(k+1)

1 (x1)||
until E{g1(x1)− g2(x2)}2 fails to decrease

An important point in the implementation of the ACE
algorithm is the estimation of the conditional expectations
from the data. Usually, conditional expectations are com-
puted by data smoothing for which numerous techniques
exist (cf. [3]). Care has to be taken to balance the trade-
off between the fidelity in the data against the smoothness
of the estimated curve.

It can be proved that applying the optimal transforma-
tions g∗

1 and g∗
2 to the mixed signals x1 and x2 removes the

effect of the nonlinear functions f1 and f2, when the lin-
early mixed signals

∑2
j=1 Aijsj (i = 1, 2) are subject to

Gaussian distribution [3, 18]. In the PNL BSS problem, the
above assumptions are usually fulfilled approximately, be-
cause mixtures of independent signals have a distribution



that is closer to a Gaussian according to central limit the-
ory and they are more correlated than unmixed signals. In
practice, we see that the ACE algorithm is able to equalize
the nonlinearities rather well, even if the assumptions are
not perfectly met, though there might be difficulties in the
presence of strong noise or low correlations.

2.2. Transformations to Gaussian Random Variables

In this section, we will directly make use of the Gaussianity
assumption, which was also a support for the ACE method,
to derive a simplified linearization procedure. We propose
to estimate the inverse functions of the true nonlinearities by
finding transformations which convert each component into
a Gaussian random variable (Gaussianization). Our Gaus-
sianization technique is inspired by algorithms commonly
used in random number surrogate generators and adaptive
bin size methods (cf. [14, 10]). The goal is to find functions
gi(·) such that

gi(xi) ∼ N(0, σ2
i ).

where σ2
i ’s are set to a constant (e.g. σ2

i = 1) which can be
done without loss of generality, because scaling factors do
not matter. Our method, which is based on the ranks of sam-
ples and percentiles of the Gaussian distribution, proceeds
as follows: suppose that the observed samples x[1], . . . , x[T ]
fulfill an ergodicity assumption and T is sufficiently large.
Let r[t] be the rank of the t-th sample x[t] and Φ(·) be
the cumulative distribution function of the standard Gaus-
sian N(0, 1). The ranks r are assumed to be ordered from
the smallest value to the largest, e.g. r[t] = 1 for t =
argmint x[t] and r[t] = T for t = argmaxt x[t]. Then,
the transformed samples

v[t] = Φ−1

(
r[t]

T + 1

)
, t = 1, . . . , T (5)

i.e. the real values v[t] such that Φ(v[t]) = r[t]
T+1 can be re-

garded as realizations of a standard Gaussian distribution 1.
Note that, adding 1 to the denominator is needed to avoid
v = ±∞. Fig. 3 shows an illustrative example for explain-
ing this Gaussianization procedure. Furthermore, to limit
the influence of outliers, we recommend to compute modi-
fied versions of v[t] according to

v[t] = Φ−1

{
c

r[t]
T + 1

+ (1− c)
1
2

}
, with 0 < c < 1.

1Note that it is straightforward to adapt the transformation to other
distributions than Gaussian if one modifies Φ accordingly. For example,
for heavy tailed distributions the transformation to a Laplace distribution
would be better suited.

t 1 2 4 · · · 98 99 100

x[t] -0.287 -3.630 1.367 · · · -1.174 3.488 -0.157

r[t] 34 1 92 · · · 8 100 45

v[t] -0.422 -2.330 1.346 · · · -1.410 2.330 -0.137
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Fig. 3: An illustrative example of the Gaussianizing transforma-
tion. The index of data or time t = 1, . . . , 100, the raw data
x[t], the rank r[t] of the data x[t], the transformed data v[t] =
Φ−1(r[t]/(T + 1) ) are listed in the table. The histograms show
that r[t]/(T +1) resemble uniform random variables, and v[t] can
be regarded as Gaussian random variables.

.

2.3. Source separation

For a separation of the signals we could in principle ap-
ply any BSS technique, capable of solving the now approx-
imately linear problem. However, experiments show that
second-order methods which use temporal information are
more robust than higher-order based methods and allow to
recover the sources more reliably. Therefore we use TD-
SEP, an implementation based on the simultaneous diago-
nalization of several time-delayed correlation matrices for
the blind identification of the unmixing matrix B (e.g. [2,
19]).

3. NUMERICAL SIMULATIONS

To test the performance of the PNL BSS method with Gaus-
sianization, we apply the above proposed Gauss-TD algo-
rithm to the same examples of post-nonlinear mixtures writ-
ten in [18], both instantaneous and convolutive.

3.1. Toy data: AR processes

The first data set consists of Gaussian AR-processes of the
form:

si[t] =
M∑

m=1

αmsi[t−m] + ξi[t], i = 1, . . . , n (6)

where ξi[t] is white Gaussian noise with mean zero and vari-
ance σ2. For the experiment we choose σ2 = 1, M = 3,
n = 2 and generate 2000 data points.



We use a 2× 2 mixing matrix to get linearly mixed sig-
nals z and apply strong nonlinear distortions

x1[t] = f1(z1[t]) = z3
1 [t], (7)

x2[t] = f2(z2[t]) = tanh(10z2[t]),

which were also used by [16]. The distribution of these
mixed signals has a highly nonlinear structure as visible in
the scatter plot in Fig. 4 (a).
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Fig. 4: (a) Scatter plot of the mixed AR-processes (x1[t] vs x2[t])
and (b) waveforms of the original sources (first row), the linearly
unmixed signals (second), recovered sources by the ACE method
(third) and those by the Gaussianizing transformation (fourth).
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Fig. 5: (a) Nonlinear functions f1 and f2. (b) True (thin line)
and estimated (bold line) inverse functions g1 and g2 by the ACE
method. (c) The same plots by the Gaussianizing transformation.

Fig. 5 (b) and (c) show the estimated nonlinear functions
g1 and g2 obtained by the ACE algorithm and the Gaussian-
izing transformation, respectively. We used a local nearest
neighbor smoother (window length 31) for the conditional
expectation for ACE. Both methods can approximate the
true inverses of the nonlinearity f1 and f2 well. Because the
source signals and their linear mixtures are ideally Gaussian
distributed in this case, a smooth and almost perfect solution
was derived by the Gaussianization.

After inverting nonlinearities, it is now possible to sepa-
rate the signals using the TDSEP algorithm (see [19]), where

20 time-delayed correlation matrices are simultaneously di-
agonalized (time lags τ = 0..20). Figure 4(b) shows that the
waveforms of the recovered signals by ACE-TD (the third
row) and by Gauss-TD (the fourth row) closely resemble
the original ones, while the result of the linear unmixing of
the PNL mixture (the second row) can clearly not recover
the sources. This is also confirmed by comparing the output
distributions that are shown in Fig. 6 as scatter plots.
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Fig. 6: Left panel: scatter plot of the output distribution of a linear
(’+’) and the proposed nonlinear ACE-TD algorithm (’.’). Right
panel: similar plot with the nonlinear Gauss-TD algorithm (’.’).

3.2. Instantaneously mixed speech data

In a further experiment we apply the algorithm to mixtures
of natural audio sources, where the input data set consists of
4 sound signals with 20, 000 data points each. For this case
we employ the multivariate version of the ACE algorithm
(see [3]). As in the first experiment, these source signals
were mixed by a linear model z[t] = As[t], with a 4 × 4
random matrix A. After the linear mixing the following
nonlinearities were applied:

f1(z1) = 0.1z1 + 0.1z3
1

f2(z2) = 0.3z2 + tanh(3z2)
f3(z3) = tanh(2z3)
f4(z4) = z3

4 .

(8)

Figure 7 shows the results of the separation using TDSEP
(τ = 0..30), ACE-TD (smoothing window length 101) and
Gauss-TD. We observe again very good separation perfor-
mances that are quantified by calculating the correlation co-
efficients (shown in Table 1) between the source signals and
the extracted components. This is also confirmed by listen-
ing to the separated audio signals, where we perceive almost
no crosstalk, although the noise level is slightly increased.

The statistics for checking the performance of the al-
gorithms from 100 replications are summarized in Table 2.
We can see that Gauss-TD found signals very similar to the
true sources in most cases, while ACE-TD found them in
more than 70% of the trails. However, ACE-TD could yield
a better result by a fine-tuning of the smoothing parame-
ter. Clearly we observe that the performance of ACE-TD
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Fig. 7: Four channel audio dataset: (a) waveforms of the original
sources, (b) linearly unmixed signals with TDSEP, (c) recovered
sources using ACE-TD and (d) recovered sources using Gauss-
TD.

depends on a good choice of the smoothing (see the third
entry of Table 2 with a different window length (= 17) ).

3.3. Speech data: convolutive mixtures

The third experiment gives an example of the application
of our method to convolutive mixtures with a PNL distor-
tion. With the nonlinear transfer functions from our first
example (cf. Eq. (7)), we deliberately distorted real-room
recordings2 of speech and background music (from [12]).
After ACE or Gaussianization resp. we apply a convolu-
tive BSS algorithm or the subsequent separation (e.g. [13])
that requires only second-order statistics and exploits the
non-stationarity of the signals. While a direct unmixing of
the distorted recordings obviously fails, we could achieve
an excellent separation both with ACE-TD and Gauss-TD
(cf. Fig. 8).

4. CONCLUSION

In this work we proposed a simpler alternative to ACE-TD
[18] using a Gaussianizing transformation for solving the
PNL BSS problem. At first, the algorithm approximates
the inverses of the post-nonlinearities by the Gaussianiz-
ing transformation. The Gaussianization is computationally

2Available on the internet:
http://sloan.salk.edu/˜tewon/Blind/blind audio.html.

Table 1: Correlation coefficients for the signals shown in Fig. 7

TDSEP
u1 u2 u3 u4

s1 0.89 0.03 -0.02 -0.06
s2 0.12 -0.05 0.11 0.45
s3 0.04 0.03 0.77 0.09
s4 0.18 -0.05 0.06 0.69

ACE-TD Gauss-TD
u1 u2 u3 u4 u1 u2 u3 u4

s1 0.99 0.00 -0.02 -0.03 0.99 -0.00 -0.02 -0.02
s2 -0.01 0.95 -0.02 0.03 0.00 0.96 -0.03 0.02
s3 0.01 0.03 0.99 0.02 0.00 0.03 0.99 0.02
s4 0.05 0.01 0.00 0.95 0.04 0.01 0.00 0.95

Table 2: Maximum correlation between sources and recovered
signals. ’median’ denotes the median of the 100 trials and p̂hc

= #{corr > 0.9}/100 is the proportion of trials which gave corre-
lations larger than 0.9.

algorithms statistics s1 s2 s3 s4

TDSEP median 0.73 0.63 0.67 0.64
p̂hc 0..03 0.01 0.01 0.01

ACE-TD median 0.96 0.95 0.95 0.95
p̂hc 0.77 0.66 0.73 0.75

ACE-TD median 0.91 0.89 0.89 0.91
(under) p̂hc 0.56 0.45 0.45 0.57
Gauss-TD median 0.98 0.98 0.98 0.97

p̂hc 0.94 0.93 0.89 0.86

more attractive than the ACE procedure. Essentially, the
nonlinear re-transformation reduces the PNL mixing prob-
lem to a linear one and allows us to apply a linear BSS al-
gorithm as a second step. While in principle any ICA/BSS
method could be used, our experience shows that second-
order methods (e.g. [2, 19]) are more reliable in practice.

Both ACE and Gaussianization have theoretical guaran-
tees to yield the correct results, if the linearly mixed sig-
nals before the PNL distortion are Gaussian distributed and
provided that there is none or only low additive noise after
the post-nonlinearity present. Because of the central limit
theorem, the Gaussianity assumption usually holds approx-
imately for the mixed signals in practice, especially if the
number of sources is large and the mixing matrix is not
sparse. In cases where these assumptions are violated, the
Gaussianization may still provide a good initializion and
thus improve the convergence of iterative methods. Further-
more, if application specific knowledge about the shape of
the distributions of the linearly mixed sources exists, this
can be easily incorporated by modifying the transformation
eq. (5) accordingly. In any case, our two stage procedures
ACE-TD and Gauss-TD are computational very attractive
and scale well to both large data sets and a higher number
of sources.
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Fig. 8: Two channel audio dataset: (a) waveforms of the recorded
(undistorted) microphone signals, (b) observed PNL distorted sig-
nals, (c) result of ACE, (d) recovered sources using ACE and a con-
volutive BSS algorithm and (e) for comparison convolutive BSS
separation result for undistorted signals from (a). The right pan-
els: (f) result of Gaussianizing transformation and (g) recovered
sources using Gaussianization and a convolutive BSS algorithm.

It is noteworthy, that our methods can be easily applied
to convolutive mixtures, which is important for solving the
real-room “cocktail-party” problem with BSS.

In our simulations the simpler Gauss-TD algorithm com-
pares favorably to ACE-TD. Further improvements of the
ACE results observed experimentally are possible by tuning
the kernel smoother (see also Table 2). Future research will
therefore be concerned with incorporating domain knowl-
edge for a better tuning of the smoothers which have turned
out to be essential for the ACE algorithm.
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