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ABSTRACT

Blind source separation (BSS) and independent
component analysis (ICA) are fields that have re-
ceived much recent interest in various scientific and
engineering communities. The numerical proce-
dures and methods developed for BSS and ICA rep-
resent a confluence of tools and ideas whose influ-
ences extend beyond the boundaries of these two
tasks. Extensions of these ideas have led to use-
ful procedures for other problem areas. In this pa-
per, we show how several methods and concepts
in blind source separation and ICA have direct
connections to one such area—adaptive signal pro-
cessing-resulting in novel procedures for several
tasks including phase-only adaptive filters, recur-
sive least-squares estimation, and adaptive subspace
analysis.

1. INTRODUCTION

Blind source separation (BSS) and independent component
analysis (ICA) are fields that have garnered much recent
interest from members of various scientific and engineering
disciplines. Fields represented in the BSS and ICA commu-
nity include acoustics, biology, chemistry, computer science,
finance, neuroscience, medicine, physics, statistics, signal
processing, and telecommunications. Several dedicate BSS
and ICA workshops and symposia have been organized
within these communities over the past five years to bring
together researchers and practitioners to discuss the latest
advancements in the field. In addition, sessions on BSS and
ICA have become regular events at more-traditional topical
workshops and conferences on neural networks, nonlinear
systems, signal and image processing, and statistics.

With such a diverse group of participants in this research
endeavor, it is challenging to identify exactly when the BSS
and ICA task became popular. Both problems have strong
connections to factor analysis in statistics, whose roots can
be traced back to Thurstone [1]. In the signal processing
community, it was the early published work of Herault and
Jutten [2] and less widely-known work of Bar-Ness [3] that
first established the existence of simple procedures for ex-
tracting useful signal information from spatial mixtures of
this information without training data. At the same time,
work on blind deconvolution and equalization of smoothed
temporal sequences was yielding useful procedures for ap-
plications from geophysics to digital communications [4]-
[7]. BSS and ICA received a significant boost in activ-
ity in the late 1980’s and early 1990’s from the work of
Cardoso and Souloumiac on joint diagonalization of cumu-
lant matrices [9], the work of Karhunen and Joutsensalo

on nonlinear principal component analysis (PCA) [10], the
adaptive blind separation approaches of Cichocki and Unbe-
hauen [11], as well as the seminal paper on cumulant-based
ICA by Comon [12]. It was not until the mid-1990’s, how-
ever, that an explosion of interest was generated in the two
fields, led in part by two oft-cited papers on the subject
[13, 14]. Since that time, hundreds of researchers have con-
tributed their efforts.

One of the unstated goals of any great research endeavor
is the development of concepts and procedures whose influ-
ences extend beyond the boundaries of the task at hand. In
BSS and ICA, the development of more-general tools and
ideas is enhanced through the diversity of backgrounds of
the researchers working on these tasks. Many of those who
work in these fields have one or more problem domains in
which to apply the techniques that they have developed or
learned. These researchers are in a perfect position to ex-
ploit the new ideas created by the study of BSS and ICA
to solve other problems.

The goal of this paper is to illustrate the interplay be-
tween research in BSS, ICA, and other fields through partic-
ular examples drawn from the author’s own research efforts
in developing adaptive signal processing algorithms. While
such a study is by definition not comprehensive, it shall
attempt to describe the cross-fertilization process and how
such connections might be made through concrete exam-
ples. Wherever possible, additional suggested efforts in the
particular problem domains are described as possible start-
ing points for future research. It is assumed that the reader
is already familiar with the principles and notation of BSS
and ICA as described by the many review papers and books
on the subject [15]-[18]. All quantities are assumed to be
real-valued. In addition, each section uses consistent math-
ematical notation, although slight notational differences do
exist between sections.

2. BSS, ICA, AND LEAST-SQUARES
ESTIMATION
2.1. Adaptive Whitening in BSS and ICA

Several iterative BSS and ICA methods require that the
signal measurements be whitened prior to source or com-
ponent extraction [19, 20]. In whitening, a zero-mean m-
dimensional vector signal x(n) = [£1(n) -+ zm(n)]T, n >0
is assumed to have a stationary full-rank autocorrelation
matrix

Rex = E{x(n)x’(n)}, (1)

where E{-} denotes statistical expectation. The goal is to
compute an (n X n)-dimensional matrix P such that

v(n) = Px(n) (2)



contains uncorrelated elements with unit variance, or
E{v(n)v'(n)} = PRP” =1 (3)

Whitening also improves the performance of gradient-based
adaptive systems in other tasks [21, 22].

When employing block processing of the measured data,
the most-straightforward way to calculate P is by Cholesky
factorization, where a lower triangular matrix R is com-
puted from Rxx such that

R)1:£:2 Rz)éz = Rxx. (4)
Then, P can be computed as
P = R/ (5)

where the inverse of R,lcf is computed via backsubstitution.
The value of P generated is by definition lower-triangular,
although P need not be constrained to be lower triangu-
lar. In fact, any matrix P that satisfies PRxxP? =T is a
valid solution to the prewhitening task. Other block-based
procedures for generating P employ common linear alge-
bra calculations such as the eigenvalue and singular-value
decompositions [23].

In certain applications, it is desirable to have a simple
procedure for iteratively calculating the value of P(n) = P
as measurements become available. Such a procedure has
been developed and popularized in the BSS and ICA com-
munities [22, 24, 25]. This adaptive whitening procedure is
given by

P(n+1) = P(n)+uP(n)—v(n)v' (n)P(n)] (6)

where p is a small positive step size value. It can be shown
(c.f. [26]) that E{P(n)} converges to the vicinity of the
solution given by

E{P(n)}RxE{P"(n)} =~ I, (7

and the speed of convergence of the algorithm depends on
p. The initial value of P(0) must be a full-rank matrix, and
typically a diagonal matrix is chosen.

The main drawback of the procedure in (6) is that it uses
gradient adaptation to achieve its goal. Gradient methods
are heuristic procedures in which careful attention must be
paid to the step size value p to maintain algorithm stability.
The cubic nature of the update equation in (6) means that
the initial value P(0) and p interact to determine how fast
the estimate P(n) converges from its initial value. If y is
too large, the algorithm diverges. Moreover, if any of the
elements of the measured vector signal x(n) have impulsive
distributions, the estimation capabilities of the procedure
will not be robust.

2.2. Relationship to Recursive Least-Squares Es-
timation

In adaptive signal processing, whitening is a form of signal
orthogonalization that has a number of useful properties.
All recursive least-squares (RLS) methods in adaptive fil-
tering, such as the QR-decomposition-based RLS adaptive
filter, least-squares lattice filters, and fast transversal filters,
exploit signal orthogonalization for performance, numerical,
and/or computational advantages [28]. The fact that P(n)
is an approximate orthogonalizing linear transformation of
the measured data sequence x(n) suggests that there may

be a connection between the procedure in (6) and RLS es-
timation. Exploring this connection may lead to novel RLS
algorithms with interesting forms and properties.

It turns out that the adaptive whitening method in (6)
does have a least-squares equivalent procedure. A simple
derivation of the algorithm is given in [27]. The updates for
the coefficient matrix P(n) are

P(n+1) = %(P(m—c(n)v(n)uﬂn)) (8)
v(n) = P(n)x(n) )
u(n) = PT(n)v(n) (10)

1
= (11
O = e viormem

where A is the so-called forgetting factor that lies in the
range 0 < A < 1. The update for P(n) in (8)—(11) has a
number of advantages over that in (6):

1. The value of P(n) exactly maintains the whitening prop-
erty P(n)Rax(n)PT(n) = I at every iteration up to the
numerical precision of the computing environment, where

Raxc(n+1) = AN"Rux(0) + Y N 7"x(k)x" (k),(12)

k=0

and R(0) is the initial estimate of Rxx. Thus, convergence
of the algorithm depends on how well Rxx(n) represents an
accurate estimate of Rxx in (1). These convergence proper-
ties are not unlike those of RLS estimation procedures. In
particular, for values of A in the range 0 < A < 1, the initial
convergence of the algorithm can be made fast by setting
P(0) to a matrix with large singular values.

2. The update for P(n) is numerically-robust. It can be
shown that P(n+1) is related to P(n) and a scaled version
of v(n) through a Householder transformation. Moreover, a
study of the numerical properties of the update verifies that
it maintains the whitening condition PT (n)P(n) = Rgs (n)
in a numerically-stable manner. These nice numerical prop-
erties are due to the fact that the procedure is the core
element within a square-root RLS algorithm, and such al-
gorithms are known to have good numerical properties [28].

3. The algorithm is guaranteed to be stable for any value
of A in the range 0 < A < 1. In contrast, the stability of
the update in (6) is a complicated function of p and the
initial whitening matrix P(0), and its stability cannot be
guaranteed for fixed step size values.

The main drawbacks of (8)—(11) as compared to the gra-
dient adaptive approach in (6) are: i) the former is more
computationally-complex, and ii) the two algorithms will
likely have similar tracking capabilities. Hence, the gradi-
ent adaptive whitening procedure in (6) worth considering
if tracking performance is of paramount concern and if com-
putational resources are at a premium.

While the connections between (6) and RLS estimation
led this author to the discovery of the procedure in (8)—(11),
it was originally discovered and used for RLS estimation by
Rontogiannis and Theodoridis [29], who call it the House-
holder RLS algorithm. The conference publication [27] pro-
vides some additional extensions, including an algorithmic
derivation that is easier to follow, a technique for iteratively
updating P~!(n) such that P~'(n)P~T(n) = Rxx(n), a



simplified version of the algorithm in [29], and two addi-
tional RLS estimation procedures based on the whitening
method. The fact remains, however, that the connection
between (6) and (8)—(11) would likely have taken longer to
discover if one were not working across the boundaries of
the BSS, ICA, and adaptive signal processing fields.

For those who wish to study the Householder RLS al-
gorithm, a version is included in a set of adaptive filtering
routines within the Filter Design Toolbox for the MATLAB
technical computing software package [30].

2.3. Other Adaptive Whitening Methods

Having made a connection between adaptive whitening and
recursive least-squares estimation, we should consider this
relationship more carefully to see if it can be exploited for
further developments. We now show how adaptive signal
processing can motivate new adaptive whitening procedures
that may be better for BSS and ICA than (6) or (8)—(11).

All recursive least-squares estimation procedures calcu-
late the same coefficient estimates in an evolving linear
regression task. These procedures differ in the way they
parametrize the problem. The best solutions use just
enough unique parameters to solve the task. The proce-
dures in (6) and (8)—(11) calculate a square (m x m) ma-
trix even though (3) and its least-squares counterpart spec-
ify only m(m + 1)/2 unique constraints. Hence, both sys-
tems are over-parametrized. Numerical and statistical ef-
fects could cause the columns of P(n) to rotate or wander
over time in both cases, such that P(n) never converges to
a unique solution. For RLS estimation, these effects are
more of a nuisance than a problem, because they are unob-
servable in the Kalman gain vector. For whitening in BSS
and ICA, however, these effects are problematic, because
the source separation procedure would have to track these
changes using the higher- or lower-order statistics of v(n).

Fortunately, researchers in both gradient and RLS al-
gorithms have identified procedures that do not pose this
problem. These methods constrain P(n) to be lower- or
upper-triangular so that it has exactly the right degrees of
freedom to solve (3) or its least-squares equivalent. The
most well-known RLS algorithm with this structure is the
Gentleman-Kung systolic array, the details of which were
published over 20 years ago [31]. A sequential gradient-
based approach has also been developed [21].

Given that (6) and (8)—-(11) are related, it should be pos-
sible to find or develop simple gradient adaptive whiten-
ing procedures that impose a lower-triangular structure on
P(n) as inspired by existing methods in the literature. We
now give three such simple whitening procedures, where
P(n) is a lower-triangular matrix, M(n) is a lower triangu-
lar matrix with ones along the diagonal, G(n) is a diagonal
matrix, lil[va] denotes the strictly lower triangular part
of vvT, and diag[vv”] is a diagonal matrix whose diagonal
entries are the same as vv7T.

1. Inverse Cholesky Whitening Algorithm: After comput-
ing v(n) in (9),

P(n+1) = P(n)+p(I- diaglv(n)v' (n)]) P(n)

— 2prillv(n)v" (n)]P(n). (13)

2. Inverse LU Whitening Algorithm:
G(n)M(n) with

Set P(n) =

M(n+1) = M(n) - 2ptrillvar(n)v(n)|M(£)4)

G(n+1) = (1+p)G(n) - pdiaglv(n)vg(n)i5)
vmu(n) = M(n)x(n) (16)
v(n) = G(n)vu(n) (17)
vae(n) = G(n)v(n). (18)

3. Simplified Adaptive Escalator Algorithm: This algo-
rithm is a modification of the approach in [21] such
that no divides are required; see [21] for the relation-
ship between the parameters {a;;j(n)} and P(n). Set-
ting vj1(n) = z;(n), a;;(0) = 0, and g;;(0) > 0 for

1<j<i<m,
for j =1 tom do
v, (n) = vj;(n) (19)
v;(n) = gjj(n)vm,;(n) (20)
va,j(n) = gj;(n)v;(n) (21)
for i =(j+ 1) to m do
vigi+1)(n) = vij(n) + aij(n)vn,;(n) (22)
aij(n+1) = aij(n) — 2pve,; (n)yi+1)(n) (23)
end
gii(n+1) =1+ p)gj;(n) — pyc,;(n)y;(n) (24)
end

The primary advantage of the above approaches over (6)
and (8)—(11) is the computational simplicity of each ap-
proach. Table 1 shows the total number of multiply/adds
for each method, along with that of (6). The proposed
methods all require fewer multiply /adds than (6) for m > 2.

2.4. Analysis and Simulations

It can be shown that the inverse Cholesky and inverse LU
algorithms globally converge to a whitening solution satis-
fying (3). An analysis based upon the ordinary differential
equation (ODE) method is provided in Appendix A. The
analysis is similar to that used in [32] to analyze (6).

All of the proposed algorithms have better performance
than that of (6). To illustrate this fact, we generated 100
sequences of m = 6-dimensional jointly-Gaussian random
vectors whose autocorrelation statistics are described by
the eigenvalues {0.01,0.1,0.3,1,1.001,5} and random or-
thogonal eigenvectors. Each algorithm was applied to this
data, where W(0) = M(0) = G(0) =I and p = 0.01. For
comparison, we also implemented a brute-force estimation
method using

(1= i) Rocx(n) + px(n)x"(n) (25)
from which W(n) was computed as the inverse Cholesky
factor of Rxx(k) using MATLAB’s chol function. The av-
erage values of the performance factors

p(n) = |diag[W (n)Race W ()] = W (1) Rocx W (1) ||

2||diag[W (n)Roox W (n)]||:
n(n)= ||1—diag[W (n)Roex W (n)]] |5
||diag[W (n) R W (n)]| |7

ﬁxx(n +1) =

(26)

(27)

were then computed for each estimate using the 100 se-
quences. Shown in Fig. 1 are the behaviors of E{p(n)} and
E{n(n)} for each algorithm, in which the inverse Cholesky,
simplified escalator, and brute-force methods all exhibit
similar behavior. The inverse LU algorithm performs the
best in this situation. All of the proposed methods are sim-
pler than (6) or the brute-force method.



Table 1: Adaptive whitening algorithm complexities (number of multiply/adds per update)

Natural Gradient
4m? +m

Inverse Cholesky
2m? + 2m

Inverse LU
1.5m? + 4.5m

Simplified Escalator
m? + 4m

(@)

T
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number of iterations

Fig. 1: Evolution of (a) E{p(n)} and (b) E{n(n)} for the
five algorithms in the example.

2.5.

The adaptive whitening task that is a precursor to many
BSS and ICA approaches has direct connections with other
adaptive signal processing tasks and recursive least-squares
estimation in particular. This connection has allowed us
to discover novel algorithms for RLS estimation as well
as simplified adaptive whitening approaches for BSS and
ICA. Simulations show that the new simplified whitening
approaches are competitive with existing methods.

Summary

3. BSS, ICA, AND ADAPTIVE SUBSPACE
ANALYSIS

3.1. Equivariant Adaptive Separation by Indepen-
dence

One of the seminal and oft-cited works on blind source sep-
aration is that of Cardoso and Laheld [25] who examine pro-
cedures that combine adaptive whitening with contrast op-
timization [12]. These authors recognized that the whiten-
ing algorithm in (6) is over-parametrized and thus could
be modified to produce a simple BSS and ICA procedure:
Equivariant Adaptive Separation via Independence (EASI).

The EASI algorithm is first described. Let x(n) be an
m-dimensional measured linear mixture of m sources. A
demixing matrix B(n) is used to estimate the m-element
output signal vector

y(n) = B(n)x(n). (28)
The matrix B(n) is then updated as
B(n+1) = B(n) + m(n)[I - y(n)y" (n)]B(n) (29)

+p2()ly(WE (y(n) = £(y(n))y" (n)]B(n),

where p1(n) and p2(n) are time-varying step sizes, f(y) =
[fi(y1) -+ fm(ym)]T is a vector-valued nonlinearity, and
each scalar nonlinearity f;(y;) depends on the statistics of
the extracted source in y;(n). By proper choice of each
fi(y), (29) adjusts W(n) such that each y;(n) contains
a single independent source from a linear mixture with-
out replacement. When the probability density functions

(p-d.f.’s) ps; (s;) of the sources are known and differentiable,
then the best choice for each f;(y) is —p’sj (y)/ps; (y), where
s; (y) is the derivative of ps; (y) and y;(n) contains a scaled
estimate of the source s;(n) at convergence. Other choices
for the nonlinearities f;(y) can also separate the sources so
long as the proper signs of the nonlinearities are chosen. In
very few cases, however, is a separating result guaranteed.

3.2. The EASI Algorithm and Constrained Adap-
tation

The EASI algorithm contains two terms on the right-hand
side of (29) that determine the algorithm’s evolutionary
behavior. These terms have special constraint properties
that are worth exploring. We now provide a description of
the algorithm that illustrates the special properties of these
terms. This description employs the ordinary differential
equation (ODE) form of the update in (29), as given by

‘fj_]? = [I-BR«B’]B+[GB” - BG |B, (30)
G = —E{fy)x’} = %;E{gi(yi)} (31)

and 0gi(y)/dy = fi(y). Factor B into two matrices W and
P such that

B = WP. (32)
Assume without loss of generality that W is initially orthog-
onal; i.e. WT(0)W(0) = W(0)W7(0) = I. The following
theorem and corollary describe the properties of P and W,
the proofs of which can be found in Appendix B.

Theorem 1: The ODE in (30) can be expressed as B =
WP, where W and P evolve as

il—ft) = P-PRP’P (33)
%V = GW'W-wWG'™W (34)
and G = GPT.

Corollary 1.1: W (t) is orthonormal for all t > 0.

These results show that the EASI algorithm in (29) is
asymptotically-equivalent to a cascade of two subsystems.
The first subsystem performs whitening using (6) with step
size sequence p1(n), yielding the whitened signal vector se-
quence v(n). This sequence is then processed by the second
subsystem, in which y(n) = W(n)v(n) and the coefficient
matrix W(n) is updated as

W(n) + p2(n)y ()" (y(n))
—f(y(n))y" (n)]W(n).

3.3. Relationship to Adaptive Subspace Analysis

The update for W(n) in (35) and its associated ODE is
closely related to recent work in linear algebra dealing
with the estimation of eigenvectors and subspaces [33, 34].
These efforts have focused on the underlying structure of

W(n+1) =
(35)



the parameter spaces and on developing simple but pow-
erful methods for computing gradient and Newton updates
within these parameter spaces. From this work, the fol-
lowing two gradient-based differential updates have been
developed:

o Gradient update on the Stiefel manifold:

aw
dt

where G = 0J(W)/OW is the gradient of an inho-
mogeneous cost function J(W) satisfying J(W) #
J(QW) for an arbitrary (p x p) orthogonal matrix Q.

o Gradient update on the Grassmann manifold:

aw
dt

where G = 0J(W)/OW is the gradient of a ho-
mogeneous cost function J(W) satisfying J(W) =
J(QW) for all (p x p) orthogonal matrices Q.

These updates are named after the researchers who first
studied the corresponding parameter spaces and their ge-
ometric properties [35, 36]. It is easy to show that both
(36) and (37) maintain the orthonormality of W (t) if
W(0) is orthonormal, because d[WWT]/dt = 0 for both
updates. These algorithms compute gradient flows on
spaces of orthonormal matrices without requiring a mini-
mal parametrization of the matrix estimate.

The updates in (36) and (37) are useful starting points
for algorithm design, and existing approaches can often be
easily related to them. For example, the principal subspace
rule of Oja and Karhunen [37] updates W(n) as

ww’iG - wGTw, (36)

= WW'G-GW'W, (37)

Whn+1) = W) +uW(n)xm)x" o)
— W ()W (n)). (38)

This coefficient update has the corresponding ODE

W _ G- GW'W, (39)
dt

where G = E{Wxx"} is the gradient of the cost function
J(W) = 0.5||Wx||2. The ODE in (39) is identical to (37)
except for the omission of the leading WW? matrix on the
first term of (37). Since WW is constant, the behaviors
of both ODEs are identical.

When we compare the gradient update on the Stiefel
manifold in (36) with the ODE in (34), we notice that they
are strikingly similar. It is straightforward to show that (34)
maintains WTW, and not WW7, at a constant value. If
W(0) is also orthonormal and square, the two differential
updates produce the same matrix flows.

3.4. Numerical Stability Issues in Prewhitened

BSS

All practical adaptive algorithms are written in terms of
finite-difference equations or updates and not differential
equations. The classic way of turning differential equations
into useful coefficient updates is by finite differences, i.e. by
replacing dW /dt terms with (W(n+1) — W(n))/u terms.
For (34), (36), and (37), however, such approximations can
lead to numerical difficulties. Accumulation of numerical
errors in W(n) from the discretization process can cause
the value of W(n) to “wander away” from its orthonormal

constraint space. Over time, the performance of the adap-
tive procedure can be compromised, and it can cause the
algorithm to fail catastrophically. This numerical behaviors
of these discrete-time updates can only be studied when a
particular gradient matrix G(n) is chosen for the updates,
as G(n) usually depends on W(n). Hence, the analysis is
problem-specific.

In [38], discrete-time versions of the update in (36) are
studied in the case where G = E{f(y)v’'} and y = Wv
is chosen for the prewhitened BSS task. It is shown that
the update is marginally-stable within the constraint space,
such that WW?7 slowly diverges from orthonormality over
time. Hence, this update in its unmodified form is not ap-
propriate for BSS and ICA tasks. Similarly, the update in
(35) is not appropriate when used to adapt W (n) separately
from P(n).

To fix these numerical problems, we can explore vari-
ations to the marginally-stable updates in (34), (36),
and (37) that have identical behavior in their differential
form but better numerical performance when they are dis-
cretized. A comparison between (37) and (39) for the Grass-
mann manifold suggest a possible cure:

When W (0) is orthonormal, the matric WW7T
(and WTW if W is square (p = m)) can be
added to or removed from terms within the updates

without changing the behaviors of the associated
ODEs.

Since WW7T = I, the values of these terms will be un-
changed after the modifications. We can develop numerous
equivalent ODEs for the purposes of algorithm design using
this idea. These ODEs include

dW

- = G-WG™W (40)
dd—vf = WW'WW’'G -wG"™W (41)

if W is non-square. If W is square, then other variants
include

dd_vtv = WW'GW'W -wG™W (42)
dd—‘iv = GW'WW'W-wG™W (43)

In [38], several of these algorithm variants are considered
for the prewhitened BSS task where W is square, where it
is shown that the design of the algorithm is linked to the
interaction between the amplitude statistics of the sources
being extracted and the nonlinearities contained with f(y).
In particular, when each f;(y) satisfies the sign constraint
sgn[fi(y)] = sgn[y], the sign of the term

ki = E{yi(k) fi(yi(k)} — E{yi (k) }E{F (y: (k) }44)

determines which ODE should be chosen for discretization.
If k; > 0 for all 1 < ¢ < m, then (40) is an appropriate
choice. Similarly, if k; < 0, then (41), (42), or (43) can
be chosen. The final choice of algorithm form can be mo-
tivated by other concerns, such as overall computational
complexity.

3.5. Numerical Stability Issues in Adaptive Sub-

space Analysis

The BSS and ICA methods presented above also have
yielded novel methods for minor subspace analysis. The



goal of minor subspace analysis is to minimize the average
energy in the vector sequence W(n)x(n) subject to the or-
thogonality constraint W(n)W7T (n) = I. Such algorithms
are useful for array processing, parameter estimation, and
harmonic retrieval tasks in signal processing [39, 40, 41].
The design of algorithms for the minor subspace analysis
task have proven to be problematic due to numerical dif-
ficulties associated with maintaining the orthonormality of
the subspace matrix estimate [23]. The design of such algo-
rithms should be motivated by the same design constraints
that make (38) useful for the principal subspace analysis
task:

1. The algorithm should be computationally-simple, in-
volving multiplies and adds that scale according to the
size of the matrix W (n).

2. The algorithm should not require an orthogonaliza-
tion step or a normalization step; it should maintain
W (n)W7 (n) = I through its adaptive behavior

3. The algorithm should converge to a solution satisfying
the minor subspace analysis task.

These design constraints were employed in [42] to develop
the following minor subspace analysis algorithm:

Wn+1) = W(n)+uly(n)y’ (n)W(n) (45)
~W(n)W' ()W (n)W" (n)y(n)x" (n)]
y(n) = W(n)x(n), (46)

where p > 0. It can be shown via analysis that

e the update converges to the p-dimensional minor sub-
space of Rxx,

e the update is locally-stable to the minor subspace; and

e the update maintains W(n)W7%(n) =~ I in a
numerically-stable manner.

It uses about 7 multiply/adds for each element in W(n).

It is this author’s conjecture that the algorithm in (45)-
(46) represents the simplest minor subspace analysis algo-
rithm that does not require any operations beyond multi-
plications and additions to implement. It has already ap-
peared in other publications for performance comparison
purposes [43, 44]. These comparisons are similar to those
in adaptive filtering, where all researchers are motivated
to compare their adaptive procedures with the ubiquitous
least-mean-square (LMS) algorithm due to the latter algo-
rithm’s simplicity and robustness. The design of this minor
subspace analysis rule would not have happened without
the connections made between ideas in BSS [12, 19, 25] and
in subspace analysis [34, 37].

3.6. Alternative Constraints

The algorithmic ideas described above offer new and
largely-unexplored opportunities for the design of adaptive
signal processing algorithms. One such extension is now
considered.

The ODEs in (36) and (37) satisfy {WW7”]/dt = 0, as
previously mentioned. Hence, they maintain W (t)W7 (t) =
W(0)W7T(0) for all t > 0. These constraints are indepen-
dent of the initial matrix W(0). If W(0) is chosen to be
orthogonal, then W (t) is orthogonal. This choice is not
unique, however, and any initial value W(0) could be cho-
sen. For example, if

wHWi(t) = C (47)

is desired for some (p x p), non-singular, symmetric con-
straint matrix C, we only need to choose W(0) such that
W(0)W7T(0) = C. The ODEs will then implicitly maintain
(47) throughout adaptation.

The above idea allows for the design of adaptive algo-
rithms that maintain arbitrary constraints on the matrix
W (n)W7T (n) or WT(n)W (n) through their adaptation. Tt
is unclear how useful such algorithms might be, as non-
orthogonality constraints are not normally considered in
signal processing tasks. Even so, it shows the richness of
the theory and possible avenues for exploration should such
constraints arise naturally within a particular problem. Ex-
tensions of existing subspace analysis algorithms to these
non-orthogonal constraints are relatively simple to develop.
For example, a modified version of the principal subspace
rule in (38) that maintains W(n)W7 (n) = C is given by

W(n+1) = W(n) + p[Cy(n)x" (n) — y(n)y" ())W] (48)

where y(n) = W(n)x(n). Informal simulations of the above
algorithm for various sequences x(n) with different auto-
correlation statistics show that the rows of W(n) converge
to the p-dimensional principal subspace of x(n) in a sta-
ble manner, and W(n)W7” (n) = C at convergence. The
above algorithm also contains key ideas that lead to novel
approaches for phase-only adaptive finite-impulse-response
(FIR) filters [45, 46], as discussed in the next section.

3.7. Summary

The EASI algorithm combines a well-known signal whiten-
ing algorithm with an update that maintains the orthog-
onality of a square matrix through its adaptive behavior.
Similar ideas have appeared in techniques for adaptively
estimating eigenvectors and subspaces for array process-
ing tasks. A careful study of these methods indicate that
their numerical behaviors may differ in practical implemen-
tations, but they can be modified to prevent the resulting
instabilities. A novel minor subspace analysis algorithm has
been developed as a result, and adaptive algorithms involv-
ing non-orthogonal matrix constraints can also be derived.

4. BSS, ICA, AND PHASE-ONLY ADAPTIVE
FILTERING

4.1. Spatio-temporal Extensions of BSS and ICA
One of the oft-cited potential applications of BSS and ICA
is the so-called “cocktail party problem,” which is a term
coined from the cocktail party effect in hearing research [47].
Human listeners have an uncanny ability to focus their at-
tention on the speech of a chosen talker amongst several
talkers within a reverberant environment. It is well-known
that using more than one sensor—our two ears—is an impor-
tant component of this ability. Our brains use the time-
of-arrival and amplitude differences in the signals received
by our ears to decode the information and understand the
speech in the midst of jamming signals—other talkers—in the
room. One can test this fact simply by covering up one
ear while attempting to listen to a talker in a noisy envi-
ronment; speech understanding becomes increasingly more
difficult. Those who have any hearing loss in either ear will
have difficulty in understanding others unless an assistive
device is used.

Speech signals have statistical properties that vary from
time instant to time instant for a single talker and from
talker to talker. Over reasonably short time frames, say
from the length of a phoneme (~0.2 s) to an entire phrase
(~4s), speech signals from two different talkers usually have



no significant statistical relationship. These facts suggest
that BSS and ICA could be used to separate speech sig-
nals. In this case, the mixing system is determined by the
multipath propagation of the room from each talker to sev-
eral microphones located in the room. The signals from
the microphones would be processed to obtain the speech
of each individual talker.

The original formulation to BSS and ICA involves spa-
tial mixtures in which no structural relationship between
the individual signals is assumed. In other words, the mix-
ing matrix is arbitrary. The acoustic mixing scenario de-
scribed above involves sources that have certain temporal
relationships due to the facts that (a) speech signals are
correlated in time and (b) the room imposes a structural
relationship on the reflection times-of-arrival. Because nor-
mal sound propagation is linear, these mixing conditions
can be represented by a multichannel convolution process.
It is beneficial to maintain such structural relationships in
the separation system by using a multichannel convolution
system of the form

yn) = ) Wi(n)x(n—1) (49)

1=0

where {W;(n)}, 0 <1 < mis aset of L (m x m) demix-
ing coefficient matrices. Here, we have assumed a causal
FIR demixing model for reasons of implementation. The
goal is to adjust each W;(n) over time so that the sequence
y(n) contains samples from each speech signal in the en-
vironment, with perhaps a delay and an arbitrary filtering
operation on each sequence y;(n).

The connection between standard BSS and ICA tasks and
the speech separation task has led researchers to look for
extensions of BSS and ICA approaches to solve the speech
separation task. Any one of several design procedures could
be used. For example, the problem could be studied in
the frequency domain, in which the separation system is
parametrized by m?(L + 1) bin values corresponding to
the multichannel FIR system in (49) in the discrete Fourier
transform (DFT) domain [48, 49, 50]. Alternatively, a time-
domain adjustment procedure could be developed, in which
a logical extension of the single-matrix updates of existing
BSS and ICA algorithms are extended to the coefficients
of the FIR demixing system. In the latter case, several
researchers have established rules by which such extensions
can be made, as starting points for algorithm design [48, 51].
These rules can be paraphrased as follows:

e Matrix multiplication in the spatial BSS or ICA task
is equivalent to multichannel convolution of matrix se-
quences in the spatio-temporal BSS task.

e Matrix addition in the spatial BSS or ICA task is
equivalent to element-by-element addition of matrix se-
quences in the spatio-temporal BSS task.

e Matrix transposition in the spatial BSS or ICA task is
equivalent to transposition and time-reversal of matrix
sequences in the spatio-temporal BSS task.

It should be noted that these rules generate algorithms that
are merely starting points for a working solution, and the
behaviors of the algorithms so obtained must be studied to
determine their convergence, stability, and statistical be-
haviors.

4.2. Extensions to Phase-Only Adaptive Filters

The procedures by which spatial-only BSS algorithms are
extended to spatio-temporal BSS tasks have a number of
useful and interesting applications in non-blind adaptive
signal processing. One such application is in phase-only
adaptive filtering. In this task, the goal is to adjust the
coefficients of a single-channel FIR filter such that

e the magnitude response of the filter remains constant,
and

e the phase response of the filter is adjusted to meet a
fidelity criterion.

In essence, the proposed procedure would allow one to de-
couple the way in which the magnitude response and the
phase response of an adaptive filter is specified, making only
the phase response adaptive.

Such procedures could have a number of applications. For
example, in almost every communications task, the medium
or channel used to carry the signals of interest spreads out
the waveforms in time. Usually, one is only interested in sig-
nals over a specified frequency range. A phase-only adaptive
filter could be used to phase-align the signals at the receiver
only over the frequency band of interest. This solution may
be more appropriate than a traditional equalizer that com-
pensates for both amplitude and phase distortions, because
(i) traditional equalizers require that the signals being sent
have equal energy across the frequency band of interest,
and (ii) traditional equalizers attempt to compensate for
the entire frequency band and not just a band of interest.

The phase-only adaptive filtering task appears to have
connections to the constrained adaptation procedures ex-
emplified by the EASI algorithm in (29) as well as the
Stiefel and Grassmann manifold updates in (36) and (37).
It is beneficial, therefore, to consider extensions of one or
more of these methods to the single-channel filtering task,
in which a single-input, single-output system with scalar
coefficients {w;} is defined. By applying the three above
rules to the Stiefel manifold update, the following generic
ODE is obtained:

dw,
dt
where ‘+” denotes the discrete-time convolution operation

i W;Gi—i- (51)

i=—o00

= wpxwW_p* g — W kg *w (50)

wr * gi =

In this algorithm, a doubly-infinite impulse response for w;
is assumed, and filter truncation is required in order to ap-
proximately implement it for FIR systems [52, 45, 46].

The sequence g can be the
scaled gradient pdJ ({w;})/0w; of any appropriately-cho-
sen ensemble-averaged cost function for the parameter se-
quence {w;}. Two possibilities for the phase only adaptive
filtering task assume that a desired response signal d(n) is
available for training purposes. They are

e Error minimization:
J{w}) = E{ld(n)-y@)]} (52)
where y(n) is the adaptive filter output given by

oo

Z wiz(n —1) (53)

l=—o0

y(n) =

and p < 0.



o Correlation mazimization:

J({wi}) = E{d(n)y(n)}, (54)
where pu > 0.

The differential update in (50) has a number of interesting
properties that are analogous to those of the Stiefel manifold
ODE in (36):

1. When w;(t) is chosen to be an allpass impulse response
satisfying

o0

> wilthwi(t) = & (55)

i=—o00

for ¢ = 0, where §; is the Kronnecker impulse func-
tion, (50) maintains the constraint in (55) for all ¢ > 0.
Thus, the adaptive filter maintains an allpass filter
characteristic |[W (w)| = 1, where W (w) is the discrete-
time Fourier transform of wy.

2. If w;(t) initially satisfies

o o]

> wilwinit) = « (56)

i=—00

for t = 0, where ¢; is any symmetric impulse response,
(50) maintains the constraint in (56) for all ¢ > 0.
Thus, the adaptive filter maintains the magnitude re-
sponse characteristics defined by |[W(w)|* = C(w),
where C(w) is the discrete-time Fourier transform of
Ci.

As in previous cases, the ODE in (50) represents a starting
point for design, and suitable approximations and modifi-
cations are required to obtain a working and implementable
adaptive filtering update.

The algorithms so obtained from these design efforts pro-
vide unique capabilities that heretofore have not been avail-
able in the adaptive signal processing community. An ex-
ample drawn from [46] illustrates this fact. Suppose one
wishes to adapt the coefficients of a filter such that (a) its
magnitude response matches that of a target filter with im-
pulse response f;, and (b) its phase response matches the
phase relationship between two statistically-stationary ran-
dom signals d(n) and z(n). Define

ds(n) = faxd(n) (57)
zy(n) = foxz(n) (58)
Then, a numerically-stable gradient-based algorithm for

solving this task can be derived from the generic update
in (50) and is given by

wi(n+1) = wi(n)+plds(n—L)zs(n—L—1)
—y(n — Lyu(n —1)] (59)
yn) = ) wn)z(n-1) (60)
un) = Y wi ¢(n)d(n—q) (61)
q=0

where p > 0. Further details about this algorithm, as well
as its complex-valued extension, can be found in [46].
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Fig. 2: Comparison of the (a) unwrapped phases and (b)
magnitude responses for the true and estimated filters.

4.3. Simulations

To show that the above algorithm works as designed, we
consider a simulation example drawn from [46]. In these
simulations, the filter F(w) is a fourth-order Chebyshev
Type 1 lowpass filter with a bandwidth of 0.157 and 0.2dB
of passband ripple. We let z(n) and v(n) be zero-mean
uncorrelated Gaussian signals with E{|z(n)]*} = 1 and
E{|lv(n)|*)} = 0.01, and define d(n) = z(n — D) + v(n),
where D = 20. With these choices, the goal is to adapt
{wi(n)} such that the filter’s steady-state magnitude re-
sponse matches the Chebyshev lowpass filter, whereas its
phase response is linear. The adaptive filter’s parameters
are L = 39, p = 0.001, and w;(0) = 0. Fig. 2(a) and (b)
show the magnitude and phase responses of the filter after
a single simulation run of 30000 iterations. As can be seen,
/W (w) is linear over the passband, and |W(w)| = |Fw)|
over the entire frequency range. Monte Carlo simulations
of the procedure verify that this convergence behavior is
typical of the algorithm in this case.

4.4. Summary

Spatio-temporal extensions of BSS and ICA methods have
led to novel procedures for speech separation in reverberant
room environments. The methods used in these extensions
can be used to develop novel adaptive filtering algorithms
in other contexts. As an example, a novel phase-only adap-
tive FIR filtering algorithm is described that has been de-
rived from a procedure for gradient adaptation on the Stiefel
manifold. Simulations show that the adaptive filter’s phase
response can be adapted independently from its magnitude
response using a time-domain algorithm.

5. CONCLUSIONS

Blind source separation and independent component anal-
ysis are two research areas in which novel ideas and tech-
niques continue to be developed and tested. The influence
of this work, however, is not limited just to BSS and ICA
problems. This paper provides several examples of adap-
tive signal processing procedures whose development was
spurred by BSS and ICA research. The diversity in back-
grounds of those currently working in the BSS and ICA
fields suggests that such cross-fertilization of tools and ideas
will continue well into the future.



6. APPENDIX A

In this appendix, we prove that the inverse Cholesky and
inverse LU whitening algorithms in (13) and (14)—(18) are
globally convergent using the ODE method [32]. To analyze
(13), we study its associated averaged ODE

dp

dt
The following theorem describes the convergence properties
of (62).

Theorem 2: The ODE in (62) converges to the inverse
Cholesky factor satisfying

= P — diag[PRxxP” P — 2tril[PRxx P7 P (62)

Jlim P(t)RxxPT(t) =1 (63)

for an arbitrary non-singular lower-triangular matriz P(0)
and symmetric positive definite Rxx.

Proof: The proof of the relation is by induction. Consider
the matrix C(t) = P(t)Ruxx P7 (t) whose entries are {c;; ()}
Because C(t) is symmetric, ¢;;(t) = ¢;i(t) for all 1 < j <
i < m, such that we only need to consider the convergence
of tril[C(t)]. Since Rxx is positive definite, ¢;;(¢) > 0 for an
arbitrary non-singular lower-triangular matrix P(t). The
evolution of C(t) is described by

dC 4P T dp”
E == ERxxP + PRxx 7 (64)

= 2PR.P” — (diag[PRyx P’ |PRuxP”
+PRyx P” diag[PRyxx P"))
— 2tril[PRxx P” |PRyx P

— 2PRy P7 (tril[PRocx PT]) " (65)
= 2C — (diag[C]C + Cdiag[C])
— 24xil[C]C — 2C (xil[C])" - (66)
The evolution of c¢11(t) is described by the following ODE:
d
—Ccl;l = 21 -2 (67)
The closed-form solution to (67) can be shown to be:
en® = (1-e{1-ci'(@}) . (68)

Hence, lim;— c11(t) = 1. Next, assume that all cx;(t) for
all 1 <1<k < j—1 have converged to

. (1 ifl=k
Jim cu(t) = {0 ifl<k - (69)

Then, from (66), it can be shown that the evolution of c;; (t)
for 1 < j < i is described by

dcij
dt

= —(1+cii)cy- (70)

Since ¢;i(t) > 0 by construction, (70) guarantees that
limy 00 ¢i5(t) = 0 for 1 < j < 4. Assuming that this con-
vergence has occurred, the evolution of c¢;;(¢) is described
by the ODE

deg;
dt

= 20“' — 20?1-, (71)

which has the solution

ci(t) = (1—e {1-c;'(0)}) " (72)

Hence, lim ¢;;(t) = 1. Setting ¢ = m proves the theorem.
t—o00

We now show that the ODE in (62) also describes the
inverse LU algorithm’s behavior through the relation P =
GM. The associated ODEs for the updates of M(n) and
G(n) in (14) and (15), respectively, are

dd—l\t/l = —2uril[MR.M"G"G]M (73)
dG . T ~T
e G — diag[GMRxxM" G™ |G. (74)

Since P = GM, the equivalent ODE for P can be described
in terms of the ODEs in (73) and (74) using

dpP dG dM
i WM_FGW' (75)

Substituting (73) and (74) into the right-hand sides of (75)
and simplifying results in the ODE for P in (62). Hence, the
inverse LU algorithms’ behavior is asymptotically identical

to that of the inverse Cholesky algorithm as p — 0.
7. APPENDIX B

This appendix provides proofs of Theorem 1 and Corollary
1.1 for the EASI algorithm. We begin with a proof of the
first corollary. The evolution of the matrix product W' W
is given by

T T
d[“;t Wl _ d‘(Z W+ W” dd—‘iv (76)
= W/'WG' W-WGEGW'wW
+WIGW'W - W'WG' W (77)
=0 (78)

where we have used (34) on the right-hand side of (76) to ob-
tain (77). Since d{[WTW]/dt = 0, the value of W ()W (t)
does not change with time. Therefore, if W(0) is orthonor-
mal, WT ()W (t) = I for all t > 0.

Now, consider the evolutionary behavior of B(t). Using
(32), it can be shown that

dB dP  dW
= = W+ P (79)
WP — WPR,.PTP

+GP"W'WP - WPG"WP.  (80)

where we used the relationships in (33) and (34) to obtain
(80) from (79). Since W(t) is orthogonal for all ¢ > 0, we
can insert the term WTW into the last term of (80) to get

dB

— = [I-WPRxP "W’ WP
dt

+[GPTWT - WPGT|WP. (81)

Substituting WP = B for all terms on the right-hand side
of (81) gives the update in (30).
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