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ABSTRACT

Convolution is a linear operation, and, consequently, can
be formulated as a linear system of equations. If only the
output of the system (the convolved signal) is known, then
the problem is blind so that given one equation, two un-
knowns are sought. Here, the blind deconvolution problem
is solved using independent component analysis (ICA). To
facilitate this, several time lagged versions of the convolved
signal are extracted and used to construct realizations of
a random vector. For ICA, this random vector is the, so
called, mixture vector, created by the matrix-vector multi-
plication of the two unknowns, the mixing matrix and the
source vector. Due to the properties of convolution, the mix-
ing matrix is banded with its nonzero elements containing
the convolution’s filter. This banded property is incorpo-
rated into the ICA algorithm as prior information, giving
rise to a banded ICA algorithm (B-ICA) which is, in turn,
used in a new blind deconvolution method. B-ICA produces
as many independent components as the dimension of the
filter; whereas for blind deconvolution, only one signal is
sought (the deconvolved signal). Fortunately, the convolu-
tional model provides additional information which enables
one best independent component to be extracted from the
pool of candidate solutions. This, in turn, yields estimates
of both the filter and the deconvolved signal.

1. INTRODUCTION

Consider two time sequences, h (t) and ρ (t), and their con-
volution,

χ (t) = h (t) ∗ ρ (t) (1)

=

∫

∞

−∞

h (t− τ) ρ (τ)dτ.

Neglecting noise, Eq. (1) is often used to model seismic
data where χ (t) is a seismic trace generated by convolv-
ing a wavelet (the filter), h (t), with the Earth’s reflectivity,
ρ (t). This linear representation of the truth is useful but, for
real data, introduces an equation with two unknowns (the
wavelet and the reflectivity). Blind deconvolution solves for

the two unknowns given only the trace. In this paper, inde-
pendent component analysis (ICA) is used in a blind decon-
volution algorithm. Formulated as an ICA problem, con-
volution gives rise to a banded mixing matrix which is in-
corporated into ICA as prior information yielding a banded
ICA algorithm (B-ICA) and, consequently, a new method
for blind deconvolution.

Wiggins [1] introduced a blind deconvolution algorithm
called minimum entropy deconvolution where the statistics
of the reflectivity were constrained using the varimax crite-
ria (a measure of kurtosis). This algorithm, for a short time,
was popular and has received much attention [2, 3, 4, 5].
Similar methods were, independently, derived by Shalvi and
Weinstein [6]. More recently, Kaaresen and Taxt [7] derived
an algorithm which explicitly incorporates the sparseness of
the reflectivity by using a spike train as a model where the
location, amplitude and number of spikes are considered.
With the exception of Kaaresen and Taxt [7], all of these
methods employ higher order statistics. As such, while the
method presented in this paper is derived from ICA, it has
roots reaching a wider scope of literature.

2. DISCRETE CONVOLUTION AND THE ICA
MODEL

As is evident in Eq. (1), convolution is, of course, linear,
and can be expressed as a linear system of equations. This
lends itself to an ICA formulation of blind deconvolution
which given only one time sequence, χ (t), allows for the
reconstruction of both h (t) and ρ (t).

The convolutional model (Eq. (1)) is easily modified for
discretely sampled signals such that

χ (ti) =
∑

j

h (ti−j) ρ (tj),

or equivalently,
As = x (2)

where

sT =
[

ρ (t1) ρ (t2) · · · ρ (tn)
]

,

xT =
[

χ (t1) χ (t2) · · · χ (tn)
]



Fig. 1. A banded mixing matrix, A, for convolution (n =
100 and nw = 20).

and A is an n× n banded matrix with columns constructed
from delayed versions of the wavelet, h, such that

A =
[

a1 | a2 | · · · | an

]

=
[

N1h | N2h | · · · | Nnh
]

(3)

and

hT =
[

h (t1) h (t2) · · · h (tnw)
]

.

Ni are zero padding matrices [8, p. 107] where the ith el-
ement of ai is h (t1), element (i+ 1) is h (t2) and so on.
Fig. 1 illustrates A, showing the nonzero elements of the
matrix when n = 100 and nw = 20.

Eq. (2) is recognized as the ICA model where s are
sources, x are mixtures, A is the mixing matrix and s and
x are random vectors. However, the convolutional model in
Eq. (2) provides only one realization of each s and x. Ob-
viously this is inadequate to characterize the corresponding
statistics, and hence, is inadequate for ICA. However, the
available information can be reorganized in a clever way,
providing several realizations. The trick is to consider time
delayed versions of ρ (t) and χ (t) [9, p. 360]. In particular,
let

sT =
[

zn−1ρ (t) zn−2ρ (t) · · · zρ (t) ρ (t)
]

and

xT =
[

zn−1χ (t) zn−2χ (t) · · · zχ (t) χ (t)
]

where z is the unit delay operator. Hence, organizing the
realizations of s into the columns of a matrix gives

s =













0 0 0 · · · 0 ρ (t1)
0 0 0 · · · ρ (t1) ρ (t2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 ρ (t1) ρ (t2) · · · ρ (tn−2) ρ (tn−1)
ρ (t1) ρ (t2) ρ (t3) · · · ρ (tn−1) ρ (tn)













(4)

and similarly,

x =













0 0 0 · · · 0 χ (t1)
0 0 0 · · · χ (t1) χ (t2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 χ (t1) χ (t2) · · · χ (tn−2) χ (tn−1)
χ (t1) χ (t2) χ (t3) · · · χ (tn−1) χ (tn)













(5)
where the jth realization of x is the convolution of the jth

realization of s with the filter, h. In other words,

x (tj) = h ∗ s (tj) .

Thus, blind deconvolution is posed in a manner that can
be solved using ICA. In particular, ICA computes some ap-
proximation to the rows of s, each containing a portion of
the reflectivity. However, ICA does not directly recover h;
but rather, a mapping between the mixtures and the inde-
pendent components. Additionally, recall that ICA relies
on computing the statistics of the independent components.
Clearly the first few rows of s and x provide few nonzero
realizations, and thus, do little to define the statistics of their
corresponding random variables.

3. BANDED ICA

Let the following notation be used to describe ICA:

As = x ΓAs = Γx = Ws = z y = Bx y = Qz

(6)

where A, B, W and Q are m × m matrices, Γ is chosen
such that z is white, and Q is chosen such that the elements
of y, yi, are independent components. That is, Q is chosen
such that yi ∝ sj for some j where sj is the jth element of
s. Additionally, define a new matrix, P, such that

Py = x (7)

and
P =

[

p1 | p2 | · · · | pm

]

.

By definition, y is a scaled and permuted version of s; hence,
P andA provide similar mappings. Here the ICA algorithm
is modified such that instead of finding rows of Q, it finds
columns of P. This, conveniently, allows for application of
the given prior knowledge to ICA. Namely, the banded na-
ture of A can be applied to P, leading to the new B-ICA
algorithm and a solution to the blind deconvolution prob-
lem.

A popular method for ICA involves finding a minimum
of some cost function, φ (qi), which measures the entropy
of an independent component, yi = qT

i z, where qT
i is the

ith row of Q. Hence, ICA finds the rows of Q, qi. As
is well known, a relationship between qi and pi is readily
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Fig. 2. An example of B-ICA The four sources (a)-(d) are
mixed using Eq. (11) producing Fig. 3.

found. Noting that the independent components, yi, are zero
mean and uncorrelated random variables with unit variance,
and that y = Qz (Eq. (6)) gives

E
(

yyT
)

= E
(

QzzTQT
)

= QE
(

zzT
)

QT = QQT = I

where I is the identity matrix. Therefore, assuming that
Q−1 exists,

Q−1QQT = Q−1

QT = Q−1.

Further, using Eq. (6),

z = Q−1y = QTy = Γx.

Therefore,
x = Γ−1QTy. (8)

Eqs. (7) and (8) allow for the explicit formulation of P in
terms of Q such that

P = Γ−1QT QT = ΓP.

Hence, qi = Γpi, and

yi = qT
i z = (Γpi)

T
z = (ΓNih)

T
z = hTNT

i Γ
T z = hT x̃

(9)
where x̃ = NT

i Γ
T z and Ni is a zero padding matrix which

maps h to the ith column of P, pi, which, in turn, corre-
sponds to a particular column of the mixing matrix. In other
words, Ni is the prior information. It enforces the banded
property of the mixing matrix,A, by explicitly choosing the
number and location of the zero entries in pi, and in doing
so, forces pi to correspond to columns of A which have an
equivalent sparse structure.
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Fig. 3. An example of B-ICA. The four mixtures (a)-(d) are
produced by mixing the sources in Fig. 2 according to the
mixing matrix in Eq. (11).

In Eq. (9), x̃ can be thought of as a new set of mixtures
(nw in total) with corresponding independent components,
ỹ, such that

ỹ = B̃x̃

where

B̃T =
[

h̃1 | h̃2 | · · · | h̃nw

]

is an nw×nw matrix; thus, assuming an ICA model, Eq. (9)
can be generalized such that

Ãs̃ = x̃ Γ̃Ãs̃ = Γ̃x̃ = W̃s̃ = z̃ ỹ = B̃x̃ ỹ = Q̃z̃

(10)

where B̃ = Q̃Γ̃. Hence, given x̃, the ICA algorithm is
used to find ỹ and B̃ where one element of ỹ is the desired
independent component, and one row of B̃ is the nonzero
elements of one column of P. In other words, h̃i ∝ h for
some i.

The above algorithm can be further generalized so that
pi = Nihi, where hi are all of dimension nw, giving a
more general form of Eq. (3) such that

A =
[

N1h1 | N2h2 | · · · | Nmhm

]

.

For example, consider the mixing matrix,

A =









1.0 0 0 0
1.1 1.2 0 0
0 1.3 1.4 0
0 0 1.5 1.6









(11)

which provides a mapping between the sources, s, in Fig. 2
and the mixtures, x, in Fig. 3. New mixtures, x̃, are com-
puted according to Eq. (9) such that x̃ = NT

2 Γ
T z. Fig. 4a
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Fig. 4. An example of B-ICA. (a) The cost function com-
puted from the mixtures in Fig. 3 using the prior informa-
tion in N2 and plotted for ||q̃||2 = 1. Superimposed on the
cost function are the optimization paths which the algorithm
followed to find the local minima. (b)-(c) The independent
components ỹ corresponding to the local minima in (a). No-
tice that the independent component in (b) is representative
of the second source (Fig. 2b).

plots the cost function, φ (q̃i), for ||q̃1||2 = 1, where q̃T
i

is the ith row of Q̃. The cost function is computed us-
ing the Gram-Charlier approximation to negentropy, J (yi),
such that [10]

φ (p̃i) = −J (ỹi) ≈ −
κ2

3 (ỹi)

12
−
κ2

4 (ỹi)

48

where κ3 (ỹi) and κ4 (ỹi) are, respectively, the skewness
and kurtosis of the ith independent component in ỹ. As ex-
pected, there are four local minima corresponding to two
independent components in ỹ. These independent com-
ponents, ỹ1 and ỹ2, are plotted in Figs. 4b-c respectively.
Clearly Fig. 4b corresponds to the source in Fig. 2b. For
this example the prior information is N2 which constrains
the ICA algorithm to find a2; consequently, it finds an inde-
pendent component proportional to the second element of s,
s2. Therefore, Fig. 4b is the expected result.

As a second example let x̃ = NT
3 Γ

T z. The correspond-
ing independent components are plotted in Fig. 5. Through
examination of Eq. (11), it is clear that this prior informa-
tion, N3, allows for both the third and fourth columns of
A. Both have the same nonzero elements, so both obey
the prior information imposed by N3. As such, both the
third and fourth elements of s, s3 and s4, are represented in
Figs. 5b-c respectively. The corresponding cost function is
plotted in Fig. 5a.

While B-ICA allows for application of the given prior
knowledge, it still presents a difficulty in the ambiguity of
the result. Namely that the algorithm produces as many in-
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Fig. 5. A second example of B-ICA. (a) The cost function
computed from the mixtures in Fig. 3 using the prior infor-
mation in N3 and plotted for ||q̃||2 = 1. Superimposed on
the cost function are the optimization paths which the algo-
rithm followed to find the local minima. (b)-(c) The inde-
pendent components ỹ corresponding to the local minima
in (a). Notice that the independent components are repre-
sentative of the sources in Figs. 2c-d.

dependent components as the dimension of h (or hi). As
such, there is left the task of choosing one independent com-
ponent and its corresponding row of B̃. Fortunately, as will
be shown, when B-ICA is used for blind deconvolution, a
solution presents itself.

4. B-ICA FOR BLIND DECONVOLUTION

In Section 2 the convolutional model was formulated as an
ICA problem with a banded mixing matrix. Here, B-ICA,
presented in Section 3, is used to solve for the filter, h. Un-
fortunately, the x and s proposed in Eqs. (4) and (5) are in-
adequate in that the first few mixtures and sources provide
few nonzero realizations, doing little to constrain the statis-
tics of their corresponding random variables. Therefore the
algorithm must be modified to compensate for this lack of
information. Further, as illustrated in Section 3, B-ICA pro-
vides as many independent components as the dimension of
h. The best solution must be chosen from the pool of can-
didate solutions, yielding one approximation of both h and
ρ (t).

To compensate for this lack of information in the first
few mixtures and sources, an approximative convolutional
model is used, such that

sT =
[

zm−1ρ (t) zm−2ρ (t) · · · zρ (t) ρ (t)
]

(12)
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Fig. 6. B-ICA used for blind deconvolution. (a) A sparse
spike train convolved with (b) the twenty-five point filter,
h, produces (c) the signal, χ (t). Given the data in (c), B-
ICA finds the information, B̃, presented in Fig. 7.

Fig. 7. B-ICA used for blind deconvolution. Plotted are the
twenty-five rows of B̃ computed using B-ICA and the data
in Fig. 6c.

and m < n. Similarly from Eq. (4),

xT =
[

zm−1χ (t) zm−2χ (t) · · · zχ (t) χ (t)
]

.

(13)
Hence, each random variable has a number of nonzero re-
alizations to constrain their statistics. Given Eqs. (12) and
(13), the mapping between sources, s, and mixtures, x, im-
posed by the convolutional mixing matrix (Eq. (3)) is not
exact. In particular, through inspection of Eqs. (12) and
(13), it is obvious that given A and s, xi (tj) is incorrectly
mapped for

(i ∈ {1 . . . nw}) ∩ (j ∈ {(m− 1) . . . n}) .

However, for the remainder of x the mapping is correct
which, as will be illustrated, given only knowledge of χ (t)
(i.e. x in Eq. (13)), allows ICA to find a wavelet following
the true convolutional model.

Consider the synthetic time sequence, χ (t), in Fig. 6c
which is the convolution of the sparse spike train, ρ (t),
in Fig. 6a with the twenty-five point filter, h, (a Ricker
wavelet) in Fig. 6b. Given only χ (t), B-ICA produces B̃,
the rows of which are plotted in Fig. 7. The matrix, B̃, is

computed using the ICA model in Eq. (10) which is arrived
at using the prior information in the zero padding matrix,
N(m−nw−10). The algorithm employed uses the nonpoly-
nomial expansion of negentropy [11] such that

J (ỹi) ≈
1

2

l
∑

i=1

c2i

where ci = E(ri (ỹi)). The optimization routine of Hyvärinen
[12] is used where J (ỹi) is approximated with l = 1, and

r1 (ỹi) = exp
(

−
ỹ2

i

2

)

. Additionally, the convolutional model

is approximated such thatm = 100. A quick search through
the panels reveals good approximations to the wavelet.

While the h̃i in Fig. 7 are an interesting result, their util-
ity is not immediately obvious. In practice the filter is, of
course, not known. Hence, simply presenting the choices
in Fig. 7 is inadequate. Instead, there is a sensible way to
check for the best result. In particular, coefficients, ci, can
be calculated such that

ψ (ci) = ||xk − cih̃i ∗ ỹi||
2
2 (14)

is minimized where, here,

xT
k =

[

xk (t1) xk (t2) · · · xk (tN )
]

are the realizations of the kth mixture and

ỹT
i =

[

ỹi (t1) ỹi (t2) · · · ỹi (tN )
]

are the realizations of the ith independent component. It is
easily verified that Eq. (14) has its extreme points when

ci = c
(∗)
i =

xT
k

(

h̃i ∗ ỹi

)

(

h̃i ∗ ỹi

)T (

h̃i ∗ ỹi

)

.

The best solution, (ỹ∗, h̃∗), is chosen such that

ψ
(

c
(∗)
∗

)

= min
i

{

ψ
(

c
(∗)
i

)}

, i = 1 . . . nw.

For example, consider the synthetic time sequence, χ (t),
in Fig. 8c generated by convolving the spike train, ρ (t), in
Fig. 8a with the thirty-five point filter (a Berlage wavelet),
h, in Fig. 8b. B-ICA is used to compute B̃ such that the
prior information is the zero padding matrix, N(m−nw−10),
m = 75 and, again, the algorithm in [12] is used with l = 1

and r1 (ỹi) = exp
(

−
ỹ2

i

2

)

. As a result, thirty-five wavelets

are recovered, h̃1 . . . h̃35. The best result (h̃∗, ỹ∗ (t)) is ex-
tracted from the pool of thirty-five candidate solutions ac-
cording to the criteria in Eq. (14) (with k = m− nw − 10)
and is plotted in Figs. 8d-e. Fig. 8d is, as expected, an ap-
proximation to the sparse spike series in Fig. 8a with a lin-
ear phase shift. The shift is due to how the mixtures, x, are
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Fig. 8. B-ICA used for blind deconvolution. (a) A sparse
spike train convolved with (b) the thirty-five point filter, h,
produces (c) the signal, χ (t). (e) The recovered filter, h̃∗,
and (d) the independent component using B-ICA and the
criteria in Eq. (14). (f) The convolution of (d) and (e).

organized (see Eq. (4)). Finally, the convolution of the in-
dependent component in Fig. 8d with the recovered wavelet
in Fig. 8e is plotted in Fig. 8f. Clearly the algorithm has
done a reasonable job in recovering both the wavelet and
the reflectivity.

5. SUMMARY

This paper adapted the ICA algorithm to include prior infor-
mation on the mixing matrix. In particular, its banded na-
ture was accounted for by specifying its nonzero elements.
Additionally, the deconvolution problem was coaxed into
an ICA formulation with a banded mixing matrix computed
from the filter, h. Initially, this resulted in an ICA model
with only one realization of both the source and mixture
vectors. To compensate for this lack of information, time
delayed versions of ρ (t) and χ (t) were considered. This
resulted in a new blind deconvolution method, utilizing B-
ICA, which in turn gave rise to a second complication. Namely
that the first few mixtures and sources had few nonzero re-
alizations, and so, had insufficient information to constrain
their statistics. The solution was to use an approximate con-
volutional model which proved to be sufficient. B-ICA cre-
ated a further complication. It produced as many candidate
solutions as the dimension of h. This problem was over-
come by using the extra information provided by the convo-
lutional model.

While the examples presented in this paper are noise
free, real data is inherently noisy. The effect of noise can
certainly be mitigated by linear and/or nonlinear processing.
Incorporating noise directly into B-ICA is another appeal-
ing option [9] which deserves investigation.
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