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ABSTRACT

Many algorithms for Independent Component Analysis rely
on a simultaneous diagonalization of a set of matrices by
means of a nonsingular matrix. In this paper we provide
means to determine the matrix when it has more columns
than rows.

1. INTRODUCTION

A lot of techniques for Independent Component Analysis
(ICA) or Blind Source Separation (BSS) are based on a si-
multaneous congruence transformation. Given a set of ma-
tricesA1, . . . ,AK ∈ C

N×N , the aim is to find a nonsingu-
lar matrixM ∈ C

N×N such that

A1 = M · D1 · MH

...

AK = M · DK · MH , (1)

with D1, . . . , DK ∈ C
N×N as diagonal as possible ac-

cording to some criterion. Examples are the JADE algo-
rithm for the separation of non-Gaussian sources [3], the
SOBI algorithm for the separation of sources that are mutu-
ally uncorrelated but individually exhibit some correlation
in time [1], the algorithm proposed in [10] for the separation
of non-stationary sources subject to a constant mixing, the
algorithm described in [2] for source separation in the time-
frequency domain (also for non-stationary sources), . . . In
JADE, one of the given matrices is the observed spatial co-
variance; the corresponding diagonal matrix is the covari-
ance of the sources and the other given matrices are matrix
slices of the spatial higher-order cumulant of the observa-
tions. In SOBI, the matrices{Ak} and the matrices{Dk}
are the spatial covariance matrices for different time lags, of
the observations and the sources, respectively. In [10] they
correspond to spatial covariance matrices measured at dif-
ferent time instances, and in [2] they correspond to Spatial
Time-Frequency Distributions, of the observations and the
sources, respectively.

The original algorithms to solve (1) are prewhitening-
based. In the prewhitening step, one picks a positive (semi-)
definite matrix from{Ak}, sayA1, and computes its Eigen-
value Decomposition (EVD). (Actually, it is sufficient to
compute any square root ofA1, but the EVD allows for
an optimal rank reduction when there are less sources than
sensors.) DefineM′ = M ·D

1/2
1

, and let its Singular Value
Decomposition (SVD) be given by

M
′ = U · S · VH , (2)

then we have that

A1 = M
′ · M′H = U · S2 · UH . (3)

By substituting (2), (3) in (1), we obtain a simultaneousuni-
tary congruence transformation in the remaining unknown
V. As is well-known, the latter problem can be solved by
means of a Jacobi-iteration.

In this prewhitening-based procedure, one computes more
than half of the parameters in the SVD ofM

′ from a single
equation in (1), which is exactly satisfied. The other equa-
tions serve to estimate the factorV; these equations are only
approximately satisfied. It is intuitively clear that, instead, it
is preferable to deal with the decompositions in (1) (or ver-
sions of them that are weighted / combined in an intelligent
way) simultaneously, instead of sequentially. We call this
principle “soft whitening”. The idea was first proposed by
Yeredor [15, 16]. The problem is now to find a non-unitary
matrixM that approximately diagonalizes{Ak} in (1). Al-
gorithms have been proposed in [5, 6, 8, 11, 13, 14, 16].

In this paper we will solve the problem whenM has
more columns than rows, i.e.,M ∈ C

N×R andD1, . . . ,
DK ∈ C

R×R, with R > N . In the context of ICA, this is
often called the “underdetermined” or “overcomplete” case.
We will restrict ourselves to the identification of the mixing
matrix and not consider the estimation of the source values.

As far as hard vs soft whitening is concerned, note also
the following. WhenR 6 N , a hard whitening causes the
remaining unknown matrix to be unitary, and hence opti-
mally conditioned. This advantage is lost in the overcom-
plete case: the fact thatV has mutually orthonormal columns



does not prevent rows from being arbitrarily close. Hence,
the remaining simultaneous diagonalization may still be ill-
conditioned in the sense that it may involve rank-1 terms
that are close.

Our approach is an algebraic one. The tools we bor-
row from multilinear algebra will be explained in Section 2.
Section 3 casts our problem in the framework of multilinear
algebra. Section 4 deals with the case whereR > K. More
powerful results are obtained for the case whereR 6 K in
Section 5. Section 6 is the conclusion.

2. ALGEBRAIC PRELIMINARIES

Multilinear algebra is the algebra of higher-order tensors.
These may, for the purposes of this paper, be imagined as
multi-indexed arrays (a vector is a first-order tensor and a
matrix is a second-order tensor). The concept of rank is
much more involved in multilinear algebra than in matrix
algebra. We will use the following definitions.

Definition 1.[Rank] The rankR of a matrixA is the max-
imal number of columns (or, equivalently, rows) ofA that
form a linearly independent set.

Definition 2.[Kruskal-rank [9]] Thek-rankk of a matrixA
is the maximal number such that any set ofk columns ofA
is linearly independent.

By definition, we have thatk(A) 6 R(A).

Definition 3.[Rank-1 tensor] AnN th-order tensorA has
rank1 when it equals the outer product ofN vectorsU (1),
U (2), . . . ,U (N):

ai1i2...iN
= u

(1)
i1

u
(2)
i2

. . . u
(N)
iN

for all values of the indices.

The outer product ofU (1), U (2), . . . ,U (N) will be writ-
ten asU (1) ◦ U (2) ◦ . . . ◦ U (N).

Definition 4.[Tensor rank] The rankR of anN th-order ten-
sorA is the minimal number of rank-1 tensors that yieldA
in a linear combination.

In the literature, such an expansion is called a “Canoni-
cal Decomposition” (CANDECOMP) [4] or a “Parallel Fac-
tors Model” (PARAFAC) [8]. In contrast to the matrix case,
it can be unique even when the rank-1 terms are not mutu-
ally orthogonal. Moreover, the rank of an(I1 × I2 × . . . ×
IN )-tensor is in general not bounded bymin{I1, I2, . . . , IN},
as for matrices. These two properties form the basis of our
contribution.

We have the following uniqueness theorem [9, 12]:

N 2 3 4 5 6 7 8
Rmax 2 5 8 12 18 24 31

Table 1. Real case: the maximum number of columns ofM
that can be allowed in Alg. 1, providedRmax 6 K.

Theorem 1.ConsiderU = [U1U2 . . . UR] ∈ C
I1×R, V =

[V1V2 . . . VR] ∈ C
I2×R, W = [W1W2 . . . WR] ∈ C

I3×R

and a tensorA ∈ C
I1×I2×I3 given by

A =

R
∑

r=1

Ur ◦ Vr ◦ Wr. (4)

If
k(U) + k(V) + k(W) > 2(R + 1), (5)

then the rank-1 terms in decomposition (4) are unique. In
terms ofU, V andW, this means that any other tripleU’,
V’, W’ that defines a CANDECOMP ofA, is related toU,
V, W via

U = U
′ ·P ·D1 V = V

′ ·P ·D2 W = W
′ ·P ·D3,

(6)
in whichD1, D2, D3 are diagonal matrices, satisfyingD1·
D2· D3 = I, andP is a permutation matrix.

Along the lines of [7], we also have:

Theorem 2.ConsiderU = [U1U2 . . . UR] ∈ C
N×R, V =

[V1V2 . . . VR] ∈ C
K×R and a tensorA ∈ C

N×N×K given
by

A =
R

∑

r=1

Ur ◦ U∗

r ◦ Vr. (7)

If R 6 K, then we generically have that the rank-1 terms in
decomposition (7) are unique if2R(R − 1) 6 N3(N − 1).
For real-valued tensors, we have uniqueness ifR 6 Rmax,
with the values ofRmax for N = 2, . . . , 8 listed in Table 1.

We call a property “generic” when it holds for all matri-
ces, except for a set of Lebesgue measure 0.

3. PROBLEM REFORMULATION

Let us stack the matricesA1, . . . ,AK in Eq. (1) in a tensor
A ∈ C

N×N×K . Define a matrixD ∈ C
K×R as follows:

D =







diag(D1)
...

diag(DK)






, (8)

in which diag(·) is the operator that extracts the diagonal
from its argument and puts it in a row. Then we have that

A =

R
∑

r=1

Mr ◦ M∗

r ◦ Dr, (9)



in which {Mr} and {Dr} are the columns ofM and D,
respectively. Eq. (9) is a CANDECOMP of our data ten-
sor. Since its rank is not bounded byN , and since the de-
composition may still be unique whenR > N , we may be
able to determineM (up to a scaling and permutation of its
columns) for overcomplete mixtures.

We will now discuss some means to calculateM.

4. CASE 1: R > K

Generically, a matrix is full rank and full k-rank. Hence, in
practice,k(M) = min(N,R) = N andk(D) = min(K,R)
= K. Theorem 1 then guarantees identifiability if2N +
K > 2R + 2, i.e., whenR 6 N − 1 + K/2.

Two methods for the calculation of the canonical com-
ponents have been described in the literature. They are both
of the “alternating least squares” (ALS) type. The aim is
to minimize the (squared) Frobenius norm of the difference
betweenA and its estimated decomposition in rank-1 terms
by means of an iteration in which each step consists of fixing
a subset of unknown parameters to their current estimates,
and optimizing w.r.t. the remaining unknowns, followed by
fixing an other subset of parameters, and optimizing w.r.t.
the complimentary set, etc. (Like for matrices, the squared
Frobenius norm of a tensor is the sum of the squared moduli
of its entries.)

In [8], one optimizes the cost function

f(U,V,W) = ‖A −

R
∑

r=1

Ur ◦ V ∗

r ◦ Wr‖
2. (10)

Due to the multi-linearity of the model, estimation of one of
the arguments, given the other two, is a classical linear least
squares problem. One alternates between updates ofU, V
andW. After updatingU andV, their columns are rescaled
to unit length, to avoid under- and overflow. Although dur-
ing the iteration the symmetry of the problem is broken, one
supposes that eventuallyU andV both converge toM.

The algorithm described in [15, 16] has been developed
for the situation in whichN > R, but it can actually be ap-
plied to the overdetermined case as well. Here the symmetry
is kept (U = V), and one alternates between updates of a
single column ofU and updates ofW. Updating a column of
U involves computing the dominant positive eigenvalue of
an(N×N) Hermitean matrix. Like in the previous method,
updatingW is an ordinary linear least squares problem.

In both techniques, the rank of A has to be estimated by
trial-and-error.

5. CASE 2: R 6 K

RearrangeA in an(N2 ×K) matrixB. In this matrix nota-
tion, the basic model (9) is written as

B = (M ¯ M
∗) · DT , (11)

in which¯ symbolizes the Katri-Rao or column-wise Kro-
necker product.

Hence,R can generically be estimated as the rank of
B. Let the columns ofE ∈ C

N2
×R span the dominant left

singular subspace ofB, then the problem is to find a nonsin-
gular matrixF ∈ C

R×R such that the columns ofE · F are
vectorized rank-1 matrices. This is the same problem as in
[7], except for the fact that we are now looking for a matrix
that is merely complex nonsingular, instead of real orthog-
onal. Again, we have that the solution is essentially unique
if 2R(R − 1) 6 N3(N − 1) (complex case) orR 6 Rmax,
with Rmax given in Table 1 (real case). This means that,
under the condition onR, any F that induces the rank-1
structure causesM¯M

∗ andE ·F to be equal up to a scal-
ing and a permutation of their columns, and vice-versa.F
can be estimated from

C1 = F · Λ1 · FH

...

CR = F · ΛR · FH , (12)

in whichΛ1,Λ2, . . . ,ΛR ∈ R
R×R are as diagonal as pos-

sible and in whichC1,C2, . . . ,CR are(R × R) matrices,
constructed fromE in the same way as explained in [7], Sec-
tion 3 (see algorithmic description below). In other words,
we have reformulated the overcomplete case as a regular si-
multaneous congruence transformation, involving a square
matrix F. References that address this problem have been
listed in the Introduction. Note that the noise-free solution
is given by the EVD

Cr1
C

−1
r2

= F · (Λr1
Λ

−1
r2

) · F−1. (13)

The overall algorithm takes the following form:

Algorithm 1

In: matricesA1, . . . ,AK ∈ C
N×N

Out: M ∈ C
N×R that (approximately) diagonalizes{Ak}

in the sense of Eq. (1).

Step 1:Bk = vec(Ak). [B1 . . . BK ] = B ∈ C
N2

×K .
Step 2: R is the dimension of the signal subspace ofB.
Compute theR dominant left singular vectorsUr and val-
uesσr. Er = unvec(σrUr), with Er ∈ C

N×N .
Step 3:Construct{Ψrs ∈ C

N×N×N×N}16r,s6R:

(Ψrs)ijkl = (Er)ij(Es)
∗

kl − (Er)ik(Es)
∗

jl.



Step 4: G(r−1)R+s = vec(Ψrs). [G1 . . . GR2 ] = G ∈

C
N4

×R2

. Compute the right singular vectorsVr correspond-
ing to the smallest singular valuesλr. Cr = unvec(Vr)
(possibly weighted inversely proportional toλr), with Cr ∈
C

R×R.
Step 5:ObtainF ∈ C

R×R from the simultaneous diagonal-
ization [13]

C1 = F · Λ1 · FH

...

CR = F · ΛR · FH .

Step 6:Er = vec(Er). [E1 . . . ER] = E ∈ C
N2

×R. E ·

F = [H1 . . . HR] ∈ C
N2

×R. Hr = unvec(Hr), with Hr ∈
C

N×N .
Step 7:ComputeMr as the dominant left singular vector of
Hr. M = [M1M2 . . . MR].
[ Step 8:Optimize Eq. (1) in least-squares sense [8, 16].]

In this algorithmic description, vec(X) is a vector repre-
sentation of a matrixX, in which all the columns are stacked
one after the other. More in general, we assume that, in
vec([xijkl]), the indexl varies faster than indexk, which in
turn varies faster than indexj, etc. unvec(•) is the inverse
operation of vec(•).

6. CONCLUSION

Many signal processing problems, including several vari-
ants of ICA / BSS, can be formulated as a search for a set of
R symmetric rank-1 matrices of which linear combinations
yield a set ofK given(N × N) matrices. In this paper we
have considered the case whereN < R. We have rephrased
this problem as a CANDECOMP of a third-order tensor and
proposed multilinear algebraic means to compute this de-
composition.
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