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ABSTRACT

In this paper we derive algebraic means for Independent
Component Analysis (ICA) with more sources than sensors.
The results are based on the structure of the fourth-order cu-
mulant tensor. We derive bounds on the number of sources
that generically guarantee uniqueness of the decomposition.
The mixing matrix is computed by means of simultaneous
diagonalization or off-diagonalization techniques.

1. INTRODUCTION

The basic ICA model is in this paper denoted as

Y = MX + N, (1)

in which the observed vector Y ∈ C
J (RJ ), the source

vector X ∈ C
R(RR) and the noise vector N ∈ C

J (RJ )
are zero-mean random vectors. The components of X are
mutually statistically independent and are assumed to be
kurtic. The noise is Gaussian. In this paper, we consider
the so-called underdetermined or overcomplete case, where
J 6 R. We will focus on the estimation of the mixing ma-
trix M ∈ C

J×R(RJ×R); the estimation of the correspond-
ing source values will not be considered.

Section 2 is an obvious but important modification of
the technique proposed in [2]. In the latter paper, the so-
lution was found via an Eigenvalue Decomposition (EVD)
of a real symmetric matrix; instead, we will now resort to
a simultaneous diagonalization, which is more robust. [2]
contained a number of statements of which the proof was
not explicited; these proofs will also be given in Section 2.

Section 3 is a variant of Section 2 in which the number
of sources that can be allowed, is somewhat higher.

The algorithms of Section 2 and 3 work under the con-
dition that the number of sources does not exceed a certain
bound. The constraint of Section 3 is further weakened in
Section 4. Here, the assessment whether the underlying cu-
mulant tensor decomposition is unique, is based on heuris-
tics. Whilst the algorithms of Section 2 and 3 take the form

of a simultaneous diagonalization, Section 4 resorts to a si-
multaneous off-diagonalization.

2. ALGORITHM 1

Consider CY = Cum{Y, Y ∗, Y ∗, Y }. Due to the multilin-
earity property of tensors, we have:

cY
ijkl =

R∑

r=1

κrmirm
∗
jrm

∗
krmlr, (2)

in which κr is the autocumulant of the rth source. This is
a decomposition of a super-symmetric fourth-order tensor
in a sum of rank-1 terms. If all the kurtosis values are pos-
itive, then we can absorb them in the corresponding outer
products:

cY
ijkl =

R∑

r=1

aira
∗
jra

∗
kralr. (3)

If all the kurtosis values are negative, then we process −CY ,
instead of CY . In the case where there are terms with a
different sign, our derivation can be reformulated in terms
of an unknown J-orthogonal, instead of orthogonal, matrix
Q.

Associate with CY a matrix-to-matrix mapping as fol-
lows:

(CY (M))ij =
∑

kl

cY
ijklmkl. (4)

Let this mapping be represented by a matrix CY ∈ C
J2×J2

.
In terms of CY , Eq. (3) can be rewritten as:

CY = (A � A∗) · (A � A∗)H , (5)

in which � is the Katri-Rao or column-wise Kronecker prod-
uct.



We now have:

Theorem 1. A complex (J×J×J×J) tensor T , exhibiting
tklij = t∗ijkl and tjilk = t∗ijkl, can be eigen-decomposed as

tijkl =

P∑

p

λp(Ep)ij(Ep)
∗
kl, (6)

in which the matrices Ep are mutually orthonormal and Her-
mitean, λp are real and P is the rank of the matrix-to-matrix
mapping defined in analogy with Eq. (4) (P can be as big as
I2).

Proof: Due to the first symmetry, the EVD of T , consid-
ered as a matrix-to-matrix mapping, takes the form of Eq.
(6), in which Ep are mutually orthonormal and λp are real.
Hence the tensor S, defined by sijkl = tjilk, is given by

sijkl =

P∑

p

λp(Ep)ji(Ep)
∗
lk.

Also, the EVD of T ∗ is given by

t∗ijkl =
P∑

p

λp(Ep)
∗
ij(Ep)kl.

Because of the second symmetry, S = T ∗; assuming that
all the eigenvalues are mutually different, we obtain that the
projectors corresponding to the same eigenvalue should be
the same:

ejie
∗
lk = e∗ijekl, (7)

in which we have dropped the index p for notational conve-
nience. If λ is a multiple eigenvalue, then its rank-1 projec-
tors can be chosen the same. Hence, the projectors satisfy
the same symmetries as T itself.

Now we have to verify what this means in terms of E.
The projector does not change when E is multiplied by a
unit-modulus factor. Call the result E′. If some diagonal
entry of E, say epp, is non-vanishing, then we choose the
unit-modulus factor such that e′pp is real. Since we have
e′jie

′∗
pp = e′

∗
ije

′
pp for all i, j, E′ is Hermitean. If all the

diagonal entries of E are zero, then we proceed as follows.
First remark that Eq. (7) implies that all |eij | = |eji|. If,
say, epq 6= 0, then we multiply E by a unit-modulus factor
such that e′pq = e′

∗
qp. Since we have e′jie

′∗
qp = e′

∗
ije

′
pq , E′

is Hermitean.
We emphasize that the eigenmatrices are not Hermitean

by default, as Ep may be multiplied by any unit-modulus
factor; multiplication by j even yields anti-Hermitean eigen-
matrices. The equivalent of Theor. 1 for real-valued tensors
is trivial to prove; it involves real symmetric eigen-matrices
and P is bounded by J(J + 1)/2.

Recall that CY is, by assumption, positive (semi)definite.
According to Theor. 1, and under the assumptions that R 6

I2 and that the columns of M are as linearly independent as
possible, it can be decomposed as

CY = H · HH , (8)

in which H ∈ C
I2×R is full rank and has columns that cor-

respond to Hermitean matrices H1, . . . ,HR. Comparison
of Eqs. (5) and (8) shows that

A � A∗ = H · Q,

in which Q is a real (R × R) orthogonal matrix (the fact
that this matrix is real, and not complex unitary, maintains
the Hermitean symmetry). The task is now to find Q such
that the columns of H · Q correspond to rank-1 matrices.

To this end, the following theorem was proposed in [2]:

Theorem 2. Define a mapping Φ : C
J×J × C

J×J →
C

J×J×J×J by

(Φ(X,Y))ijkl = xijy
∗
kl + yijx

∗
kl − xiky∗

jl − yikx∗
jl. (9)

Then we have that Φ(X,X) = 0 if and only if X is at most
rank-1.

Proof: We will give an alternative proof that is not ex-
plicitly based on the exploitation of symmetries. The “if”
part is obvious. For the “only if” part, let the Singular Value
Decomposition (SVD) of X be given by U · Σ · VH . We
have:

xijx
∗
kl =

∑

rs

σrσsuirv
∗
jru

∗
ksvls

xikx∗
jl =

∑

rs

σrσsuirv
∗
jsu

∗
krvls.

Rank-1 terms corresponding to the same r = s cancel out
in Eq. (9). However, due to the orthogonality of U and V,
the other terms are linearly independent. So we must have
that σrσs = 0 whenever r 6= s; hence, Σ is at most rank-1.
The proof still holds when X is Hermitean.

Denote the (J×J) matrices represented by the columns
of H as H1, . . . ,HR and let Φst = Φ(Hs,Ht). Let the
columns of A be given by {Ap}. Due to the bilinearity of
Φ, we have

Φst =
∑

pq

(QT )ps(Q
T )qtΦ(ApA

H
p , AqA

H
q ). (10)

Now assume there exists a symmetric matrix W that
satisfies ∑

st

wstΦst = 0. (11)

If the tensors {Φ(ApA
H
p , AqA

H
q )}p<q are linearly indepen-

dent, then substitution of (10) in (11) shows that
∑

st

wst(Q
T )ps(Q

T )qt = (Λ)pqδpq ∀p, q (12)



in which δ is the Kronecker delta. Hence, Q may be ob-
tained from the EVD

W = Q · Λ · QT . (13)

Actually, and this forms an improvement of [2], one can see
that any diagonal matrix Λ generates a matrix W that satis-
fies Eq. (11). Hence, if the tensors {Φ(ApA

H
p , AqA

H
q )}p<q

are linearly independent, these matrices form an R-dimensional
subspace of the symmetric (R × R) matrices. One can al-
ways find a real basis for this subspace. Let {Wr} represent
such a basis. Then Q may be determined in a more robust
way from a simultaneous real symmetric EVD:

W1 = Q · Λ1 · QT

...

WR = Q · ΛR · QT . (14)

The solution may be found by means of the technique de-
veloped in [3].

The question is now under which condition on R lin-
ear independence of {Φ(ApA

H
p , AqA

H
q )}p<q can generi-

cally be guaranteed. We call a property “generic” when it
holds everywhere, except for a set of Lebesgue measure 0.
We have the following theorem:

Theorem 3. In the complex case, linear independence of
{Φ(ApA

H
p , AqA

H
q )}p<q is generically guaranteed if R(R−

1) 6 J2(J − 1)2/2. In the real case, R is bounded by R1,
given in Table 1.

Proof: Φ(ApA
H
p , AqA

H
q ) can be represented in a vector

format as follows:

Ap ⊗ Aq ⊗ (Ap ⊗ Aq − Aq ⊗ Ap)
∗

+Aq ⊗ Ap ⊗ (Aq ⊗ Ap − Ap ⊗ Aq)
∗

= (Ap ⊗ Aq − Aq ⊗ Ap) ⊗ (Ap ⊗ Aq − Aq ⊗ Ap)
∗

= [(I − P)(Ap ⊗ Aq)] ⊗ [(I − P)(Ap ⊗ Aq)]
∗ (15)

= [(I − P) ⊗ (I − P)][Ap ⊗ Aq ⊗ A∗
p ⊗ A∗

q ],

in which P is a specific permutation matrix. P is such that
I−P has rank (J2−J)/2. In the complex case, the vectors
Ap ⊗Aq ⊗A∗

p ⊗A∗
q are generically as linearly independent

as possible (second-order analogy: Ap ⊗A∗
p are also as lin-

early independent as possible). Hence, the condition is that
R(R − 1)/2 6 (rank(I − P))2 = J2(J − 1)2/4.

The real case is more difficult. Eq. (15) seems to suggest
that Φ(ApA

H
p , AqA

H
q ) can span a subspace of dimension

(rank(I − P))(rank(I − P) + 1)/2 = N(N − 1)(N 2 −
N + 2)/8, but in fact there are a number of symmetries that
decrease this dimensionality. For instance, we have that

(aipajq − ajpaiq)(akpalq − alpakq)

−(aipakq − akpaiq)(ajpalq − alpajq)

+(aipalq − alpaiq)(ajpakq − akpajq) = 0,

J 2 3 4 5 6 7 8
R1 2 4 6 10 15 20 26
R2 2 5 8 12 18 24 31

Rgen 3 6 10 15 22 30 42
D 1 3 5 5 6 0 6

Table 1. Real case: the maximum number of sources
that can be allowed in Alg. 1 (R1) and in Alg. 2 (R2);
the generic rank of a super-symmetric fourth-order tensor
(Rgen); the number of degrees of freedom (D) for a decom-
position of a generic fourth-order tensor in rank-1 terms.

for arbitrary i, j, k, l. Hence, for J > 4, R is at least bounded
by

R(R − 1)

2
6

N(N − 1)(N2 − N + 2)

8
−

J !

(J − 4)! 4!
,

in which the last term corresponds to the number of ways
in which one can choose 4 indices out of J . From J = 7
unwards, other symmetries additionally start to play a role.
Table 1 lists the maximal value of R till J = 8. The val-
ues for J = 7, 8 have simply be obtained by checking the
dimension of the subspace that is generically spanned by
Φ(ApA

T
p , AqA

T
q ).

3. ALGORITHM 2

Actually, it is not mandatory that the rank-1 detecting bilin-
ear mapping is symmetric in its arguments, like the mapping
Φ in the previous paragraph. We might as well resort to an
unsymmetric mapping:

Theorem 4. Define a mapping Ψ : C
J×J × C

J×J →
C

J×J×J×J by

(Ψ(X,Y))ijkl = xijy
∗
kl − xiky∗

jl. (16)

Then we have that Ψ(X,X) = 0 if and only if X is at most
rank-1.

Proof: Since Φ(X,X) = 2Ψ(X,X), Theor. 4 and
Theor. 2 are equivalent.

One may then repeat the derivation of the previous sec-
tion to find that the orthogonal matrix Q may be obtained
from a simultaneous EVD of R real symmetric (R × R)
matrices. The advantage is that working with Ψ imposes
a weaker constraint on the number of sources that can be
allowed:

Theorem 5. In the complex case, linear independence of
{Ψ(ApA

H
p , AqA

H
q )}p6=q is generically guaranteed if R(R−

1) 6 J3(J − 1)/2. In the real case, R is bounded by R2,
given in Table 1.



Proof: Φ(ApA
H
p , AqA

H
q ) can now be represented in a

vector format as [I⊗(I−P)][Ap⊗Aq⊗A∗
p⊗A∗

q ], in which
P is the same permutation matrix as in the proof of Theor. 3.
Hence, in the complex case, the condition is R(R − 1) 6

[J2][J(J − 1)/2].
In the real case, we have symmetries like, e.g.,

aipakq(aipajq − ajpaiq) − aipajq(aipakq − akpaiq)

−aipaiq(akpajq − ajpakq) = 0

aipaiq(aipakq − akpaiq) − aipaiq(akpaiq − aipakq) = 0,

which lead to the bounds on R given in Table 1.

4. ALGORITHM 3

In the two previous sections, the algorithms worked under
the assumption of a certain bound on the number of sources.
The fact that (14) is overdetermined, indicates that the de-
composition of CY is unique under weaker constraints. Ta-
ble 1 lists how many rank-1 terms are generically needed to
build a real fourth-order tensor (the generic rank), and the
corresponding dimension of the solution set [4]. This table
shows, e.g., that generically a real (7×7×7×7)-tensor can
be decomposed in 30 rank-1 terms and that there are only a
discrete number of ways to do so. Moreover, we may expect
that, for (7×7×7×7)-tensors that can be decomposed in 25,
26, . . . , 29 terms, the decomposition is generically unique,
and this supposition is indeed stronger than the results that
had been derived in Sections 2 and 3.

Let us define a third rank-1 detecting mapping:

Theorem 6. Let H be the set of (J×J) Hermitean matrices.
Define a mapping Γ : H×H → H by

Γ(X,Y) = XY− trace(X)Y +YX− trace(Y)X. (17)

Then we have that Γ(X,X) = 0 if and only if X is at most
rank-1.

Proof: It is easy to check that Γ(X,X) = 0 if X is
rank-1. For the “only if” part, let the EVD of X be given by
U · Λ · UH . Γ(X,X) = 0 iff

U · Λ2 · UH = trace(Λ)U · Λ · UH

Λ2 = trace(Λ)Λ

Λ = trace(Λ) I,

and hence at most one eigenvalue can be different from zero.

If R 6 J2 (complex case) or R 6 J(J + 1)/2 (real
case), then R can still be estimated as the rank of CY . Fur-
thermore, Theor. 6 implies that, for any r, we have

∑

st

qsrqtrΓ(Hs,Ht) = 0. (18)

If we define Bij ∈ C
R×R by

(Bij)st = (Γ(Hs,Ht))ij ,

then Eq. (18) can be rewritten as:

diag(QT · Bij · Q) = 0 ∀i, j (19)

This simultaneous off-diagonalization problem can be solved
by means of a Jacobi iteration using the expressions derived
in [3]; one simply chooses in each step the Jacobi rotation
that minimizes (instead of maximizes) the energy on the di-
agonals. A simultaneous off-diagonalization problem also
appeared in [1].

Note that, in the real case, due to the symmetry of the
mapping Γ(Hs,Ht), Bij = Bji, such that we only have to
consider J(J +1)/2 real matrices in the off-diagonalization
procedure. In the complex case, we have that Bij = Bji

∗,
and hence one can work with J2 real matrices.

Using this algorithm, we have, e.g., been able to identify
mixtures of 13 sources observed by 5 sensors (cf. Table 1).

Remark 1. One could also have started from the mapping Φ
defined in Theor. 2. However, this would have been less
economic in the number of matrices that have to be off-
diagonalized.

Remark 2. In principle, R need not be bounded by J2 (com-
plex case) or J(J +1)/2 (real case). One then merely looks
for a real row-wise orthonormal matrix Q ∈ R

J2×R (or
R

J(J+1)/2×R). However, such problems are by definition
very ill-conditioned. In our simulations we observed that
the convergence speed becomes too small to reach the opti-
mum.

5. CONCLUSION

Underdetermined ICA involving J observations and R > J
sources can be achieved by resorting to the property that the
rank of a fourth-order (J × J × J × J) tensor can be much
higher than J . In this paper we showed that, in the complex
case, the solution can be obtained from a simultaneous EVD
of R real symmetric (R × R) matrices, if R(R − 1) 6

J2(J−1)2/2 (Alg. 1) or R(R−1) 6 J3(J−1)/2 (Alg. 2).
The bounds on R in the real case are given in Table 1, for
J 6 8. Alg. 1 is a robust version of the technique derived
in [2], in which a single EVD is replaced by a simultaneous
EVD. The constraint on R is even further weakened in Alg.
3, which is based on a simultaneous off-diagonalization of
J(J +1)/2 (real case) or J2 (complex case) real symmetric
(R × R) matrices.
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