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ABSTRACT

In this paper, a grouping method by measuring the depen-
dency of decomposed signals is discussed. Dependencies
between components decomposed by some ICA algorithm
are calculated using test statistics, based on the empirical
characteristic function. This method helps selecting the com-
bination of independent components by classifying them
into subgroups. The relevance of these ideas is illustrated
with synthesized data and auditory evoked MEG, and com-
pared with the separability matrix method.

1. INTRODUCTION

Independent Component Analysis (ICA) is a new approach
for decomposing observed signals into mutually indepen-
dent components. ICA has been applied in various prob-
lems, such as blind source separation, noise reduction, and
data mining. Various ICA algorithms have been proposed
so far, and they can find separating matrices by measuring
the independence among recovered signals based on cer-
tain contrast functions. In real problems, however, the in-
dependence assumption of source signals is often not satis-
fied, and some related signals construct multi-dimensional
subspaces[1]. In other words, decomposed components ob-
tained by any ICA algorithms are not always mutually inde-
pendent.

To solve the problem, for example, Meinecke et al.[2]
proposed a grouping method by using the stability of a sep-
arating matrix. In this paper, a grouping method by measur-
ing the dependency of components directly is proposed. The
dependency is discussed by using test statistics, and com-
pared with the method proposed by Meinecke et al.[2].

The method will be explained in section 2, and numer-
ical simulations will be presented using a toy problem and
MEG data in section 3. Conclusion and future works will
be discussed in section 4.

2. METHODS

2.1. ICA Model

To explain the method, we first treat a noise-free ICA model,

x(t) = As(t), (1)

wherex(t) = [x1(t), x2(t), · · · , xn(t)]T is an n-dimensional
observation vector,s(t) = [s1(t), s2(t), · · · , sm(t)]T is an
m-dimensional source signal vector with zero mean, whose
components are mutually independent random variables,T
is the transposition,An×m is an unknown mixing matrix,
and we assumen ≥ m.

The problem is to recover the source signals(t) by esti-
mating the separating matrix that decomposesx(t) into inde-
pendent components. Recovered signalsy(t) are in general
written as

y(t) = RQx(t), (2)

whereR is a rotation matrix,Q is a whitening matrix, and
RQcorresponds to the separating matrix. Here after we use
the representationRQand mainly focus on the rotation ma-
trix R. Note that the order and amplitude of recovered com-
ponents are indeterminable asRQA=DP, whereD is a diag-
onal matrix andP is a permutation matrix.

2.2. The Separability Matrix Method

In this section, we briefly summarize the method proposed
by Meinecke et al.[2], which utilizes the bootstrap method
to check the stability of separating matrixR and to group
the decomposed components. Bootstrap is a resampling
method in which samples are picked up from given data at
random without replacement. It is applied, for example, to
estimate the variance of an estimator.

Suppose we are given T observationx(t) and we have
recovered signaly(t) = RQx(t), t = 1, · · · , T, with a
certain ICA algorithm. ProduceB bootstrap sets,y(b)(t),
b = 1, · · · , B andt = 1, · · · ,T′, by randomly resampling
from y(t). Then we apply ICA again to bootstrap data sets
y(b)(t),

z(b)(t) = R(b)Q(b)y(b)(t), (3)



whereR(b) is a rotation matrix andQ(b) is a whitening ma-
trix. Intuitively speaking, estimatedR(b)Q(b) will be an
identity matrix ifyi andyj are independent, while ifyi and
yj are not independent enough, estimatedR(b)Q(b) will be
no longer an identity matrix.

Since the rotation matrixR(b) is an orthogonal matrix,
it can be parameterized by the exponential of a single anti-
symmetric matrixα,

R = exp (α) =
∞∑

n=0

1
n!

αn

= exp ( 1
2

N∑

i,j=1

αijMij),
(4)

where each elementαij of α is interpreted as the interaction
of rotation in theij-plane, and theab-element of the matrix
M ij is given by

(Mij)ab = δi
aδj

b − δj
aδi

b, (5)

whereδi
a denotes the Kronecker’s delta:δi

a = 1 if i = a
and otherwiseδi

a = 0.
To see the interaction of thei-th andj-th components,

αij gives a good measure. For any rotation matrixR(b),
α(b) is obtained by

α(b) = ln(R(b)). (6)

From α(b), b = 1, · · · , B, which is calculated from each
y(b), theseparability matrixŜ is defined by the empirical
variance ofα,

Ŝij =

√√√√ 1
B

B∑

b=1

(α(b)
ij )2, (7)

each component of̂Sij indicates the unstability of thei-th
andj-th components through the resampling process.

2.3. The Dependency Matrix Method

As mentioned in the previous section, results of any algo-
rithm are one of the stationary points, and independence of
recovered signals is not guaranteed if the independence as-
sumption is invalid. Here we explain how to use the charac-
teristic function to measure the independence.

The marginal and joint characteristic functions of the
two dimensional signalsy1 andy2 are defined as

cy1(u) = E [exp (iuy1)] ,
cy2(v) = E [exp (ivy2)] ,

cy1y2(u, v) = E [exp (iuy1 + ivy2)] ,
(8)

whereu andv are real values. The necessary and sufficient
condition for mutual independence ofy1 andy2 is expressed
by

cy1(u)cy2(v) = cy1y2(u, v) (9)

for any u andv. This property can be used for ICA algo-
rithms with the empirical characteristic functions defined by
(11), see Eriksson[4, 5] for example.

A test for independence is carried out by calculating the
difference between the joint and the marginal characteristic
functions defined by the empirical distribution:

cy1y2
N (u, v)− cy1

N (u)cy2
N (v), (10)

where

cy1
N (u) = 1

N

N∑
t=1

exp (iuy1(t)),

cy2
N (v) = 1

N

N∑
t=1

exp (ivy2(t)),

cy1y2
N (u, v) = 1

N

N∑
t=1

exp (iuy1(t) + ivy2(t)).

(11)

Let us defineZN (u, v) by

ZN (u, v) = {cy1y2
N (u, v)− cy1

N (u)cy2
N (v)}

√
N, (12)

and define a test statistic̃Z by

Z̃(u, v)

=
(

Re [ZN (u, v)]
Im [ZN (u, v)]

)T

Σ−1

(
Re [ZN (u, v)]
Im [ZN (u, v)]

)

(13)
where

Σ11 = 1
2Re

[{
cy1
N (2u)− cy1

N (v)2
} {

cy2
N (2u)− cy2

N (v)2
}]

+
{
1− |cy1

N (u)|2} {
1− |cy2

N (v)|2}
Σ12 = Σ21

= 1
2 Im

[{
cy1
N (2u)− cy1

N (u)2
}{

cy2
N (2v)− cy2

N (v)2
}]

Σ22 = 1
2Re

[{
cy1
N (2u)− cy1

N (u)2
}{

cy2
N (2v)− cy2

N (v)2
}]

+
{
1− |cy1

N (u)|2}{
1− |cy2

N (v)|2}

and Re, Im, and * denote the real part, imaginary part and
complex conjugate, respectively.

Murata[3] showed that this̃Z obeysχ2 distribution with
2 degrees of freedom under the null hypothesis that two ran-
dom variables are mutually independent. In this paper, we
propose a test for independence by measuring difference be-
tweenχ2 distribution and the distribution of̃Z calculated
from repeatedly resampled data, namely bootstrap data..

For this purpose, any statistical distance that measures
the difference of two distributions can be used. In the fol-
lowing, we use the Hellinger distance,

DH = 1
2

∫ {
√

p(x)−
√

q(x)}2dx

= 1− ∫ √
p(x)q(x)dx

(14)

wherep(x) andq(x) indicate the probability densities.
In our method, we produceK surrogate data sets with N

samples by the bootstrap method from a decomposed signal



y(t), t = 1, · · · , T. For K data sets,y(k)(t), k = 1, · · · , K,
t = 1, · · · , N, test statistics̃Z(k)

N (u, v) are calculated. An
approximate distance is given by histograms as

DH = 1−
L∑

l=1

√
p̄(l)q̄(l)∆, (15)

wherep̄(l) is the relative frequency of̂Z(k)
N (u, v) in thel-th

bin, [(l− 1)∆, l∆] andq̄(l) is the density ofχ2 distribution
in thel-th bin.

Each value of the Hellinger distance indicates
{

DH = 1 : dependent
DH = 0 : independent. (16)

See fig.1 for an example. We define thedependency matrix
D̂ as,

D̂ij =
{

DH : for yi andyj , i 6= j,
0 : otherwise. (17)

Intuitively speaking, theij elements ofD̂ indicates the sta-
tistical distance betweeni-th andj-th recovered signals.
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Fig. 1. Examples of probability densities of resampled test
statistics. Upper: independent data (DH = 0.0019). Lower:
dependent data (DH = 0.4524).

2.4. Grouping Components

If the number of components is small, it is rather easy to
tell corresponding source signals. However, in the case of
bio-medical data, such as EEG/MEG, the number of com-
ponents will be large as around 100, and it is difficult to
capture the relations of so many decomposed components.
Therefore, it is necessary to classify subspaces formed by
some related components.

To deal with high dimensional data, the cluster analy-
sis is applied to the separability matrix̂S and dependency
matrix D̂. The cluster analysis is a method that classifies
the objects according to the closeness defined by a certain
distance. We measure the closeness with

1− Ŝij+Ŝji

2 and 1− D̂ij+D̂ji

2 , i 6= j.

Based on this analysis, visualized graphs called den-
drograms are drawn. Four methods of the cluster analysis,
(shortest distance, largest distance, average distance, and in-
cremental sum of square (Ward) ) are applied for compar-
ison. These graphs show the adequacy of grouping com-
ponents and help combinating the components for multi-
dimensional subspaces.

3. EXPERIMENT

3.1. Synthetic data

We prepare the 7 channel mixtures (16kHz sampling rate,
3sec., 48000 sample points); 2 vocal signals, 2 harmonic
oscillationssin/cos with 50Hz, 1 channel of uniformly dis-
tributed noises and 2 channels of white gaussian noises. We
mixed the source signals with a20× 7 random matrix, and
separated with JADE[6]. Recovered signals are shown in
fig.2.
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Fig. 2. Recovered signals.

We know each of 2 vocal signals and the uniform noise
constructs an 1-dimensional subspace, and thesin/cos and
the gaussian noises construct 2-dimensional subspaces, re-
spectively.

To see how these works, 20 surrogate data and 10000
samples from decomposed signals are calculated for the sep-
arability matrix, and 200 test statistics and 1000 samples
from decomposed signals are calculated for the test for in-
dependence (fig.3). As a result, the dependency matrixD̂



Table 1. The computing time [sec.] of our method
Num. of Sample points [%]
surrogate 10 20 30

50 20.3 42.5 100.6
100 38.3 84.0 200.7
200 75.2 168.1 397.2

Table 2. The computing time [sec.] of the separability ma-
trix method

Num. of Sample points [%]
test stats. 10 20 30

50 41.3 75.7 157.3
100 78.8 151.4 324.2
200 158.4 309.8 603.3

detectssin/cos (IC3 and IC6) as dependent components,
whereas the separability matrix̂S detectssin/cos (IC3 and
IC6) and 2 gaussian noises (IC1 and IC2) as related com-
ponents. An important observation is that the separability
matrix detects the gaussian noises as rotatable components
while the dependency matrix detects them as independent
components.

Grouping adequacy is visualized by the dendrograms
(fig.4 and fig.5) using the cluster analysis. Horizontal and
vertical axes indicate the index of components and the dis-
tance. Dendrograms calculated from four different methods
show almost the same grouping result.

In table.1 and table.2, we show the computing time of
both method ( calculated with Matlab, Pentium III 1GHz,
512MB RAM ). Note that our method is 1.5 to 2 times faster
than the separability matrix method. The separability matrix
method works better when the number of sample points in-
crease and our method works better when the number of test
statistics increase.

3.2. MEG

To examine the validity of these grouping methods, they
were applied on MEG data. The data measured were the
auditory evoked MEG with Neuromag-122TM at National
Institute of Advanced Industrial Science and Technology
(AIST), Osaka, Japan. The subject was a 21-years-old healthy
male. The auditory stimuli, 1000Hz tone burst, were ap-
plied to both subject’s ears. The stimuli were presented ran-
domly for 1750±250 ms duration for 76 times, and MEG
data was recorded with sampling rate of 950Hz and was av-
eraged using all 76 data.

For MEG data analysis, we have to deal with a noisy

The Separability Matrix
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Fig. 3. Two matrix, left: the separability matrix, right: the
independency matrix. Thickness represents the unstability
(left) and the dependency (right).
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Fig. 4. Dendrograms calculated from the separability ma-
trix.
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trix.



ICA model,
x(t) = As(t) + ε, (18)

whereε is a white gaussian noise. By using the factor analysis[8,
9, 10], the factor loading matrix (mixing matrix)̂A and the
covariance matrix of noisêΣ are estimated. In this exper-
iment, 25 common factors are estimated by the scree plot,
and hence the dimension of data is reduced from 122 into
25. Then, a whitening matrix is calculated as

Q = (ÂT Σ̂−1Â)−1ÂT Σ̂−1. (19)

We suppose the assumption that the data reduced its dimen-
sion by the factor analysis contains sufficiently small noise.

We apply both methods, the separability matrix method
and the dependency matrix method. Calculated matrices
and dendrograms are shown at fig.6, fig.7, and fig.8.

The Dependency Matrix
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dependency (right).

Here we discuss the trunk which contains component
1, because it has the strongest power of signal among the
components.

The two methods seem to have grouped same compo-
nents, component 1, 4, 10, and 24. But the difference be-
tween two methods is their order of closeness. The separa-
bility matrix method grouped component 1 with component
24 as the first trunk, and then grouped with component 4
and 10 to form another trunk. Whereas the dependency ma-
trix method grouped component 1 with component 10 as the
first trunk, grouped it with component 4 as the second trunk,
and grouped them with component 24 as third trunk.

To compare the difference, reconstructed signals from
selected components are shown in fig.10. GOF (Goodness
Of Fit) in table.3 is a quality measure how well the observed
signal is explained by two dipoles model. “All” represents
an averaged data, and other two represents the choices from
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Fig. 7. Dendrogram calculated from the separability matrix
by Ward method.
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Fig. 8. Dendrogram calculated from the dependency matrix
by Ward method.

0 200 400
-2

0

2

4

6

8
Decompose  Component 1

A
m

pl
itu

de

Time [ms]
0 200 400

-2

0

2

4

6

8
Decompose  Component 4

A
m

pl
itu

de

Time [ms]

0 200 400
-6

-4

-2

0

2
Decompose Component 10

Time [ms]

A
m

pl
itu

de

0 200 400
-4

-2

0

2

4

6
Decompose Component 24

Time [ms]

A
m

pl
itu

de

Fig. 9. Decomposed Components of 1, 4, 10, and 24.
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Fig. 10. Recovered Signals. Upper: averaged data. 2nd
upper: Recovered with component 1 and 24, first group
of trunk by the separability matrix method. Middle: Re-
covered with component 1 and 10, first group of trunk by
the dependency matrix method. 2nd lower: Recovered with
component 1, 4 and 10 by the dependency matrix method.
Lower: Recovered with component 1, 4, 10 and 24 by both
method.

fig.7 and fig.8. The value of GOF is increased with compo-
nent 1, 4 and 10, from fig.8.

Table 3. Goodness of fit, calculated around auditory peak
around 100ms.

Recovered by components ofGOF[%]
All 87.640

1 and 24 71.045
1, 4 and 10 71.321

4. CONCLUSION

In this paper, a grouping method by measuring the indepen-
dence of decomposed components, using the test statistics
calculated from resampled data sets is discussed, and com-
pared with the method of grouping by the stability of sepa-
rating matrix by Meinecke et al.[2].

Both method are able to detect the same trunk of group-
ing components, however the order of closeness is different.
The separability matrix looks for its stability of separating
matrix, while the dependency matrix looks for the depen-
dency of decomposed signal itself. Our grouping method
detects the independent component strictly, even though sig-

nals are gaussian noises. Moreover, our method has an ad-
vantage in speed. In practical problems, however, both meth-
ods should be used complimentary in case decomposed sig-
nals are gaussian distribution.

More detailed consideration about the size of samples
N , the evaluation point(u, v), and extension to applying
large noise data such as raw MEG measurements are needed
as a future work.
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