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ABSTRACT

Overcomplete blind source separation (BSS) tries to recover
more sources from less sensor signals. We present a new ap-
proach based on an estimated histogram of the sensor data;
we search for the points fulfilling the overcomplete Geomet-
ric Convergence Condition, which has been shown to be a
limit condition of overcomplete geometric BSS [1]. The pa-
per concludes with an example and a comparison of various
overcomplete BSS algorithms.

1. INTRODUCTION

In independent component analysis (ICA), given a random
vector X , the goal is to find its statistically independent
components. This can be used to solve the blind source
separation (BSS) problem which is, given only the mix-
tures X = f(S) of some underlying independent sources
S, to separate the mixed signals thus recovering the original
sources. We will only deal with linear BSS, where f = A
is linear.

The idea of ICA has first been studied in the 80’s [2]; for
a comprehensive overview and state-of-the-art refer to [3]
[4]. Geometric ICA [5] as introduced 1995 by Puntonet et
al. [6] uses geometric properties in the mixture scatter plot
to separate sources; its applicability is often restricted to
low dimensions and either super- or subgaussian unimodal
source densities.

Most ICA algorithms assume that at least as many sen-
sor signals as there are underlying source signals are pro-
vided. In overcomplete ICA however, more sources are
mixed to less signals. Lewicki and Sejnowski [7] were the
first to apply the terminology of overcomplete basis repre-
sentation introduced by Olshausen and Field [8] to over-
complete ICA. Among other overcomplete algorithms, Bofill
and Zibulevsky [9] showed how to separate an overcomplete
mixture of ’delta-like’ source distributions after Fourier trans-
formation.

Here we present a geometric ICA algorithm to solve
the BSS problem for overcomplete cases with more sources
than sensors. The solution to this underdetermined prob-
lem will be presented in a two step approach. With geo-
metric ICA [5]we have an efficient method available for the

matrix-recovery step within a two-step framework to solve
the source separation problem. The second step — source-
recovery — uses a maximum-likelihood approach. The re-
sults presented here thus provide a generalization of the geo-
metric ICA in the symmetric case (number of sources equals
number of sensors) [5].

2. OVERCOMPLETE SEPARATION IN TWO
STEPS

Let X = AS with S and X an n respectively m-dimensional
random vectors and A an real full-rank m × n-matrix. In
the symmetric case of BSS (m = n) it is sufficient to re-
cover the mixing matrix A in order to solve the separa-
tion problem, because the sources can be reconstructed from
A and X by inverting A. For the overcomplete case as
presented here, however, after finding A in a similar fash-
ion as in quadratic ICA (Blind Mixing Model Recovery
(BMMR)), the sources will have to be chosen from the n−
m-dimensional affine vector space of the solutions of AS =
X using a suitable boundary condition (Blind Source Re-
covery (BSR)). Hence with this algorithm we follow a two
step approach to the separation of more sources than mix-
tures; this two-step approach has been proposed recently [9]
in the context of delta distributions, and later using geomet-
ric algorithms [10]. It contrasts to the single step separation
algorithm by Lewicki and Sejnowski [7], where both steps
have been fused together into the minimization of a single
complex energy function.

3. BLIND MIXING MODEL RECOVERY

In the first step, given only the mixtures X , the goal is to
find a matrix A′ ∈ Mat(m × n) with full rank and pair-
wise linearly independent columns such that there exists an
independent random vector S′ with X = A′S′.

For geometric matrix-recovery, we use a generalization
of the geometric ICA algorithm [11]. Later on, we will
restrict ourselves to the case of two-dimensional mixture
spaces for illustrative purposes mainly. With high dimen-
sional problems, however, geometrical algorithms need an
exponentially growing number of samples [5], hence seem
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Fig. 1. Visualization of the geometric algorithm with start-
ing points w1(0), w2(0) and w3(0) and end points w1(∞),
w2(∞) and w3(∞). Dash-dotted lines show borders of the
receptive fields.

less practical; but for the theoretical considerations to fol-
low let m > 1 be arbitrary.

Let S : Ω −→ R
n be an independent n-dimensional

Lebesgue-continuous random vector describing the source
pattern distribution; its density function is denoted by ρ :
R

n −→ R. As S is independent, ρ factorizes in the fol-
lowing way ρ(x1, . . . , xn) = ρ1(x1) . . . ρn(xn), with the
marginal source density functions ρi : R −→ R. After
translation we can assume that S is centered, E(S) = 0.

Let X denote the mixed vector and A the real m × n
mixing matrix such that X = AS. A is assumed to be of
full rank and to have pairwise linearly independent columns.
We assume that the columns ai in A = (a1| . . . |an) have
norm 1. The geometric learning algorithm in its simplest
form then goes as follows:

Pick 2n starting elements w1, w
′
1, . . . , wn, w′

n on the unit
sphere Sm−1 ⊂ R

m such that wi and w′
i are opposite each

other, i.e. wi = −w′
i for i = 1, . . . , n, and such that the wi

are pairwise linearly independent vectors in R
m. If m = 2,

one usually takes the unit roots wi = exp(n−1
n πi). Further-

more fix a learning rate η : N −→ R
+ with

∑
n∈N

η(n)2 <
∞. Then iterate the following step until an appropriate abort
condition has been met:

Choose a sample x(t) ∈ R
m according to the distribu-

tion of X . Project x(t) onto the unit sphere and get y(t) :=
x(t)
|x(t)| . Let i be in {1, . . . , n} such that wi or w′

i is the neuron

closest to y with respect to the Euclidean metric. Then set

wi(t + 1) := π(wi(t) + η(t)
y(t) − wi(t)
y(t) − wi(t)

),

where π : R
m \ {0} −→ S(m−1) denotes the projection

onto the (m − 1)-dimensional unit sphere S(m−1) in Rm,
and

w′
i(t + 1) := −wi(t + 1).

All other neurons are not moved in this iteration. In figure
1 the learning algorithm has been visualized on the sphere.

This algorithm can be formalized [1]; we shortly sum-
marize those results for the two-dimensional mixture (m =
2) case: Define a combined projection mapping via

ϕ : R
2 \ {0} −→ [0, π)

x �−→ arg(x) mod π.

So ϕ(x) returns the angle modulo π of x in polar coordi-
nates. Note that this is the same as taking the angle of x
after projection onto the circle S1 and rotation of x with
negative x2 by π, which is exactly what happens with the
samples of X in the geometric algorithm. Hence, if we de-
fine Y := ϕ ◦ X , we get a random variable on [0, π) that
due to the symmetry of S captures the density of X on the
circle S1. Denote ρY the density of Y .

Definition 3.1 (receptive field). For l := (l1, . . . , ln) ∈
[0, π)n denote

F (lj) := F (lj ; l) := {α ∈ [0, π) |
ϕ(|eiα − eilj |) ≤ ϕ(|eiα − eilk |) for all k �= j}

the receptive field of li with respect to l.

We will now formulate a convergence condition for the
geometric algorithms considered and prove that the fixed
points of the geometric BMMR step satisfy this conver-
gence condition and that the solutions of the BMMR algo-
rithm are among them:

Definition 3.2 (overcomplete Geometric Convergence Con-
dition). The angles l1, . . . , ln ∈ [0, π) satisfy the overcom-
plete Geometric Convergence Condition (GCC) if they are
the medians of Y restricted to their receptive fields i.e. if li
is the median of ρY |F (li).

Theorem 3.3. Assume the geometric algorithm converges
to a constant random vector W (∞) ≡ (w1(∞), . . . , wn(∞)).
Then W (∞) is a fixed point of geometric ICA in the expec-
tation if and only if the wi(∞) satisfy the GCC.

Theorem 3.4. The transformed angles αi = ϕ(Aei) satisfy
GCC.

Putting these two theorems together we have the basis
of the overcomplete geoICA algorithm [1]:



Theorem 3.5. Let Φ be the set of fixed points of geometric
ICA in the expectation. Then there exists (ŵ1, . . . , ŵn) ∈
Φ such that (ŵ1| . . . |ŵn) solves the overcomplete matrix-
recovery problem.

4. BLIND SOURCE RECOVERY

The problem of the source-recovery step can be formulated
as follows: Given a random vector X : Ω −→ R

m and a
matrix A as above, find an independent vector S : Ω −→
R

n satisfying an assumption yet to be found such that X =
AS. Considering X = AS, i.e. neglecting any additional
noise, X can be considered to be determined by A and S.
Hence the probability of observing X given A and S can be
writen as P (X|S,A). Using Bayes Theorem the posterior
probability of S is then

P (S|X,A) =
P (X|S,A)P (S)

P (X)
,

the probability of an event of S after knowing X and A.
Given some samples of X , a standard approach for recon-
structing S is the maximum-likelihood algorithm which
means maximizing this posterior probability after knowing
the prior probability P (S) of S.

Using the posterior of the sources P (S|X,A), we can
obtain an estimate of the unknown sources by solving the
following relation

S = arg maxX=ASP (S|X,A)
= arg maxX=ASP (X|S,A)P (S).

Since X is fully determined by S and A, P (X|S,A) is triv-
ial, which leads to

S = arg maxX=ASP (S).

Note that of course the maximum under the constraint X =
AS is not necessarily unique.

If P (S) is assumed to be Laplacian that is P (Si)(t) =
a exp(−|t|), then we get

S = arg maxX=AS exp(−|S1| − . . . − |Sn|)
= arg minX=AS |S1| + . . . + |Sn|
= arg minX=AS |S|1

where |v|1 :=
∑

i |vi| denotes the 1-norm. Note that S is
determined uniquely by this expression [12].

The general algorithm for the source-recovery step there-
fore is the maximization of P (S) under the constraint X =
AS. This is a linear optimization problem which can be
tackled using various optimization algorithms [13]; in the
two-dimensional case, the minimization of the 1-norm can
also be achieved by using a so-called Shortest-Path Algo-
rithm [12] [9].
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Fig. 2. Approximated probability density function fY of
Y with the mixing angles α1 = 78, α1 = 129 and α1 =
171 indicated by stars. The ragged plot is the approximated
density using a histogram with 180 bins, the smooth plot
is the ragged plot after smoothing with a 5 degree radius
polynomial kernel.

5. OVERCOMPLETE FASTGEO

In this section we will generalize the symmetric FastGeo al-
gorithm [5] to overcomplete situations with n > m = 2.
We show how to find points satisfying the overcomplete
GCC, definition 3.2. This gives a quite robust BMMR-
algorithm for the case n > m = 2.

So let

A :=
(

cos(α1) .. cos(αn)
sin(α1) .. sin(αn)

)
.

Then by theorem 3.4, the vectors (cos(αi), sin(αi))� sat-
isfy the overcomplete GCC. In the overcomplete FastGeo-
algorithm after discretization of the distribution of Y we
test all different receptive fields for the overcomplete GCC.

For simplicity let us assume that the cumulative distri-
bution FY of Y is invertible – this means that FY is nowhere
constant. Define a function

µ(n) : [0, π)n−1 −→ R
m−1

Φ := (ϕ1, . . . , ϕn−1) �−→
(

l1(Φ) + l2(Φ)
2

− ϕ1, . . . ,

ln(Φ) + l1(Φ)
2

− ϕn

)

where

li(Φ) := F−1
Y

(
FY (ϕi) + FY (ϕi+1)

2

)



is the median of Y |[ϕi, ϕi+1] in [ϕi, ϕi+1] for i = 1, . . . , n
and

ϕn :=
1
2
(ϕn−1 + ϕ1 + π),

ϕn+1 := ϕ1.

Lemma 5.1. Let Φ be a zero of µ(n) in [0, π)n−1. Then the
li(Φ) satisfy the overcomplete GCC.

Proof. By definition,[
li−1(Φ) + li(Φ)

2
,
li(Φ) + li+1(Φ)

2

]

is the receptive field of li(Φ). Since µ(n)(Φ) = 0 means
that

li(Φ) + li+1(Φ)
2

= ϕi

so the receptive field of li(Φ) is precisely [ϕi, ϕi+1], and by
construction li(Φ) is the median of Y restricted to the above
interval. This shows the claim.

Algorithm (overcomplete FastGeo): Find the zeros of µ(n).

Note that for m = 2 this is precisely the symmetric Fast-
Geo algorithm, because then ϕ1 is equivalent to the ϕ above,
and ϕ2 = ϕ1 + π

2 , hence µ(2) ≡ µ.
Again µ(n) always has at least two zeros which repre-

sent the stable and the unstable fixed point of the neural
algorithm, so for supergaussian sources we extract the fixed
point which then gives the proper demixing matrix A−1 by
maximizing

∑n
i=1 fY (li(ϕi)).

Similar as to the symmetric case, we see that the dis-
cretization of the distribution using a histogram results in a
quite ’raggy’ shape of the approximated distribution. Hence,
zeros of µ are split up into multiple close-by zeros. This can
be improved by smoothing the distibution using a kernel
function with sufficiently small radius. In the limit where
the kernel radius goes to zero this again reduces to the non-
kernel case. Too large kernel radia however result in less
accurate approximations because the calculation of the me-
dian is only roughly independent of the kernel radius. In
figure 2 we use a polynomial kernel of radius 5 degree (zero
everywhere else) — one can see that indeed this smoothes
the distribution quite nicely.

6. PARAMETERS

In this section we want to consider the dependence of the
overcomplete FastGeo ICA algorithm on the number of sam-
ples after the bin-size β has been fixed. As seen in the previ-
ous sections, the accuracy of the histogram based algorithm
then only depends on the distribution of the samples X re-
spectively Y i.e. we can estimate the error made by approx-
imating the mixing matrix A by a finite number of samples.

kernel radius approx. parameter index E
5 0.1 0.5963 ± 0.6020
0 0.5 0.4047 ± 0.4640
5 0.5 0.2853 ± 0.4226

Table 1. Dependence of overcomplete FastGeo on smooth-
ing and algorithm parameters; we used 100 runs with 2×3-
matrices with entries uniform in [−1, 1] and 105 samples.

In the following we will give some results of test-runs made
with this algorithm.

We performed three different calculations. As input sam-
ples we chose 105 samples of high-kurtotic gamma-distributed
three-dimensional random data and we mixed it using a 2×
3-mixing matrix with weights uniformly chosen from [−1, 1].
We performed 100 runs. In table 1 we present the calculated
mean of the generalized crosstalking error E(A,A′) [12] of
the mixing matrix A and its recovery A′ depending on vari-
ous parameters.

We see that indeed smoothing increases the accuracy.

7. EXAMPLES

We now want to give an example for the overcomplete Fast-
Geo algorithm and after that some performance results. 4
speech signals S (see figure 5 left column) were used as
sources. These were mixed by the following mixing matrix

A =
(

0.13 −0.52 −0.15 0.53
0.45 −0.02 0.59 −0.52

)
,

and the overcomplete FastGeo BMMR algorithm with 180
bins recovered the following estimated mixing matrix

A′ =
(

0.60 0.24 0.79 1.0
0.80 −0.97 −0.62 0.018

)

with E(A,A′) = 0.68. We then used the standard maximum-
likelihood BSR algorithm [12] in order to recover the sources
given A′ and the mixtures X , with Eσ(S, S′) = 2.3 where

Eσ(S, S′) := 2


 n∑

i,j=1

|Cov(S, S′)ij |

 − 2n

is a measure of equality of two signals that takes scaling
and permutation into account; it basically equals Amari’s
crosstalking error of the covariance but without the scaling
of the covariance matrix. Eσ(S, S′) = 0 if and only if the
two signals have a permutation matrix as correlation. Here
Eσ(S, S) = 0.39, so the original sources were not perfectly
independent. For comparison we note that Eσ(S′, S′) =
3.9 hence the maximum likelihood BSR does not properly
decorrelate the signals. Figure 3 presents the estimated den-
sity of Y , figure 4 shows a scatter plot of the mixtures, and



0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
0

500

1000

1500

2000

2500

3000

3500

4000

4500

Fig. 3. Approximated probability density function fY of Y
with the mixing angles 2, 74, 104 and 135 degree indicated
by stars. Again the ragged plot is the approximated den-
sity using a histogram with 180 bins, the smooth plot is the
ragged plot after smoothing with a 5 degree radius polyno-
mial kernel.

figure 5 gives a plot of the original, mixed and unmixed sig-
nals.

As noted before [1], we can see that the BSR algorithm
does not perform very well when recovering the sources; the
BMMR algorithm for the matrix however yields quite good
results.

Now we will compare the presented overcomplete Fast-
Geo algorithm with its predecessor, the overcomplete ge-
ometric algorithm [1], and Lewicki and Sejnowski’s over-
complete algorithm [7], which has been later extended by
Lee and is based on the standard Bell-Sejnowski ICA algo-
rithm. Due to the fact that the performance of those three
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Fig. 4. Mixture scatter plot of the speech data from fig. 5.
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Fig. 5. Plot of original (left column), mixed (center column)
and unmixed speech data (right column) from the example.

algorithms depends on various parameters, we show those
results with some parameter sets which illustrate the trade-
off between accuracy and speed quite nicely. In table 2 we
give a list of the algorithms with the parameters, and in table
3 we can see the performance in terms of speed, accuracy
of the matrix-recovery (BMMR) and the source-recovery
(BSR) using the maximum-likelihood idea from above; we
apply the algorithms to various sample sets, and give per-
formance results as a mean over 100 iterations.

We see that for low source dimensions (n = 2, 3, 4)
overcomplete FastGeo outperforms the other two algorithms
in the BMMR step indicated by the index E(A,A′) if we
use a sufficiently large number of iterations. In order to also
analyze the BSR step, we calculate Eσ of the sources and
the recovered signals; we see that even if we take into ac-
count that the sources were not perfectly decorrelated i.e.
not perfectly independent (Eσ(S, S) �= 0) still the error in
the BSR step is much higher than the BMMR error, which
holds for all three algorithms.

8. CONCLUSION

After summarizing the results of overcomplete geometric
BMMR [1] we have presented a new algorithm, which we
call overcomplete FastGeo because it is a generalization of
the standard case FastGeo [5] that is solely based on the
histogram of the sensor data X . When comparing this algo-
rithm to other BMMR algorithms in low source dimensions
we saw a significant performance improvement; moreover
this overcomplete FastGeo algorithm basically has only the
bin-size as parameter, which makes it easy to tune in prac-



algo. algorithm name parameters
1.1 o. FastGeo 180 bins
1.2 o. FastGeo 90 bins
1.3 o. FastGeo 45 bins
1.4 o. FastGeo 20 bins
2.1 o. Geo 10000 iterations, η = 0.05
2.2 o. Geo 5000 iterations, η = 0.05
2.3 o. Geo 1000 iterations, η = 0.05
3.1 Lewicki-Sejnwoski 10000 iterations, η = 0.002
3.2 Lewicki-Sejnwoski 5000 iterations, η = 0.002
3.3 Lewicki-Sejnwoski 1000 iterations, η = 0.02

Table 2. Comparison of overcomplete ICA algorithms: List
of algorithms with parameters. The algorithms are (1) over-
complete FastGeo, (2) overcomplete Geo and (3) Lewicki-
Sejnowksi-Lee overcomplete algorithm [7].

algo. E Eσ(S, S′) Eσ(S, S) time (s)
n = 3 Laplacian sources (1000 samples)

1.1 0.93 ± 0.57 2.31 ± 0.14 0.28 ± 0.12 176
1.2 1.03 ± 0.54 2.30 ± 0.15 0.30 ± 0.14 76
1.3 0.98 ± 0.51 2.30 ± 0.16 0.29 ± 0.11 52
2.1 1.11 ± 0.47 2.29 ± 0.16 0.30 ± 0.14 189
2.2 1.24 ± 0.44 2.22 ± 0.14 0.28 ± 0.14 106
2.3 1.23 ± 0.47 2.26 ± 0.15 0.30 ± 0.14 40
3.1 1.05 ± 0.48 2.30 ± 0.14 0.31 ± 0.11 520
3.2 1.11 ± 0.50 2.29 ± 0.15 0.30 ± 0.13 271
3.3 1.25 ± 0.45 2.26 ± 0.15 0.30 ± 0.14 71

n = 4 gamma-distributed high-kurtotic sources (1000 samples)
1.2 0.69 ± 0.52 1.82 ± 0.34 0.69 ± 0.23 798
1.3 0.77 ± 0.44 2.09 ± 0.47 0.66 ± 0.22 154
1.4 1.24 ± 0.42 2.40 ± 0.39 0.66 ± 0.25 62
2.1 0.97 ± 0.54 1.68 ± 0.35 0.67 ± 0.23 202
2.2 1.03 ± 0.57 1.73 ± 0.38 0.64 ± 0.21 117
2.3 1.13 ± 0.58 1.76 ± 0.36 0.66 ± 0.25 50
3.1 1.09 ± 0.56 1.83 ± 0.37 0.67 ± 0.23 317
3.2 1.07 ± 0.61 1.69 ± 0.42 0.65 ± 0.26 601
3.3 1.03 ± 0.56 1.83 ± 0.42 0.63 ± 0.23 88

n = 3 natural speech signals (1000 samples)
1.1 0.68 ± 0.52 2.06 ± 0.23 0.53 ± 0.21 186
1.2 0.63 ± 0.53 2.09 ± 0.24 0.48 ± 0.20 86
1.3 0.68 ± 0.50 2.14 ± 0.23 0.49 ± 0.20 62
2.1 0.85 ± 0.57 2.09 ± 0.23 0.48 ± 0.20 198
2.2 0.92 ± 0.55 2.08 ± 0.22 0.49 ± 0.22 115
2.3 0.97 ± 0.53 2.09 ± 0.22 0.47 ± 0.22 49
3.1 1.01 ± 0.48 2.13 ± 0.21 0.49 ± 0.21 526
3.2 1.14 ± 0.59 2.13 ± 0.21 0.50 ± 0.21 279
3.3 1.72 ± 0.68 2.07 ± 0.25 0.49 ± 0.18 81

Table 3. Comparison of overcomplete ICA algorithms. A
list of the used algorithms is shown in table 2 together with
the parameters used. In order to calculate performance in-
dices we took an average over 100 calculations. The mixing
dimension was always m = 2.

tical examples. Nonetheless, this algorithm is restricted to
mixing dimension 2 and is outperformed by the ordinary
overcomplete geometric algorithm when source dimensions
increase. In any case, when analyzing those algorithms we
saw that the BSR step in fact brings in the highest error,
so this has to be improved by for example using further
structures like autocorrelations in the data. Furthermore, we
would like to know if there is a natural information theoretic
barrier of how well data can be recovered in overcomplete
settings after already knowing the mixing model (BSR).
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