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ABSTRACT

This paper addresses a mathematically sound technique for
the orthogonal matrix optimization problem that has broad
applications in recent signal processing problems includ-
ing the independent component analysis. We propose Dual
Cayley parametrization technique that can decompose a slightly
restricted version of the original problem into a pair of sim-
ple constraint-free optimization problems. This decomposi-
tion frees us from using local parametrizations strongly de-
pendent on the location of orthogonal matrices, and hence
from numerical approximations of delicate computations,
e.g., matrix exponential mappings or SVD.

1. INTRODUCTION

The orthogonal matrix optimization problem is formulated
as:

Problem 1.1 For a given functionΘ : RN×N → R,

Find a matrixU∗ ∈ arg inf
U∈O(N)

Θ(U), (1)

whereO(N) := {U ∈ RN×N | UT U = I} (i.e., the set of
all orthogonal matrices) is a manifold called the orthogonal
group[1] because it constitutes a group.

An important example having rich applications, in the
independent component analysis / blind source separation /
unsupervised adaptive filtering (see for example [2–8]), is
found in the joint orthogonal matrix diagonalization:

Problem 1.2 For givenA := {Ak ∈ RN×N | k = 1, . . . ,K},
minimize

fA(U) :=
K∑

k=1

off(UT AkU), ∀U ∈ O(N),

whereoff(X) :=
∑

1≤i6=j≤N |xij |2, andxij denotes the

(i, j)-th entry ofX ∈ RN×N .

Problem 1.1 (or more general problem, whereU is pos-
sibly rectangular real/complex matrix) dates back to the sev-
enties (see [9] and references therein) but it is only in the
last decade when the studies, on the algorithmic solutions
to Problem 1.1, start extensively [7, 10] (In [7], a standard
framework with general local parametrization is stated for
minimizing a function on a manifold). One of the cen-
tral burdens of Problem 1.1 must be in tracking the man-
ifold O(N). Indeed, a great deal of effort has been de-
voted to resolve this tracking difficulty. For example, the
algorithms in [10] perform a series of descent steps taken
along thegeodesicof the manifold. However moving along
the geodesicrequires some delicate numerical approxima-
tion [11,§11.3] of the matrix exponential function. For up-
dateUn ∈ O(N) to Un+1 ∈ O(N) (n = 0, 1, 2, · · · ), the
algorithms in [7, 8] assign, to the vicinity ofUn as its lo-
cal parametrization, the coordinate on the tangent space of
O(N) at Un, through the projection operator ontoO(N),
and thenUn+1 ∈ O(N) is computed in the descent direc-
tions ofΘ. However numerical approximation is inherently
unavoidable because the projectionπ(X) := arg minU∈O(N)

‖X −U‖2, ∀X ∈ RN×N (‖ · ‖ denotes the Frobenius norm
of a matrix) is given in terms of the SVD (singular-value
decomposition) ofX, sayX = Y ΣZT , by π(X) = Y ZT .

This paper proposes Dual Cayley parametrization tech-
nique that can decompose a slightly restricted version of
Problem 1.1 into a pair of constraint-free optimization prob-
lems without using any numerical approximation. Because
the proposed parametrization realizes inherently a pair of
global parametrizations corresponding to two disjoint sub-
sets of the orthogonal group, a variety of standard optimiza-
tion algorithms can be applied without caring the orthog-
onality constraints. To demonstrate the potential applica-
bility of the proposed technique, we present first for local
optimization problems the steepest descent method and the
Newton method in the Dual Cayley transform domains. An
important side effect of the global nature of the proposed
parametrization would be its affinity to global optimization
problems. We discuss briefly a possible approach,based
on the proposed parametrization, to the global optimization



over the orthogonal group.

2. PRELIMINARIES

Throughout this paper, we use the following mathematical
notations. LetR denote the set of all real numbers andC
the set of all complex numbers.I ∈ RN×N denotes the
identity matrix. The superscriptT stands for the transposi-
tion. tr(X) denotes the trace ofX ∈ RN×N . The set of
all skew-symmetric matrices is denoted byQ(N) := {V ∈
RN×N | V = −V T }, which can be identified, in a natural
way, with the Euclidean spaceRL (L := N(N−1)

2 ) because
V ∈ Q(N) is fully characterized with all its components in
the strictly upper triangular locations.

Definition 2.1 (Cayley transform[1, IV.§6])
LetE := {U ∈ O(N) | det(U + I) = 0}. The Cayley trans-
form Φ : O(N) \ E → Q(N) is defined by

Φ(U) := (I − U)(I + U)−1,∀U ∈ O(N) \ E. (2)

The mappingΦ is bijective and its inverseΦ−1 : Q(N) →
O(N) \ E is symmetrically given by

Φ−1(V ) = (I − V )(I + V )−1, ∀V ∈ Q(N).

Because of the eigenvalue distributions of matrices inO(N)\
E andQ(N) [i.e., all eigenvalues of every orthogonal ma-
trix have unit magnitude, and all eigenvalues of every skew-
symmetric matrix are pure imaginary], the mappingsΦ and
Φ−1 are well-defined (moreover, in principle, their exact
computations are possible without requiring any numerical
approximation) overO(N) \ E andQ(N) respectively.Φ
serves as the homeomorphism betweenO(N)\E andQ(N)
[Note: Φ is a matrix version of the bilinear transform (Moe-
bius transform) in the classical complex analysis [12] and
theS-Z transform in signal processing [13]]. Although the
definition of the Cayley transform is naturally extended to
that for the unitary group [1], we restrict, for simplicity, the
following discussion to the optimization over the orthogonal
group.

3. RESOLUTION OF ORTHOGONAL
CONSTRAINTS BY DUAL CAYLEY

PARAMETRIZATION

We start from the following proposition that is a key of the
proposed technique.

Proposition 3.1 LetSO(N) := {U ∈ O(N) | det(U) = 1}.
Then we have:

(a) SO(N) = SO(N) \ E, whereS denotes the closure
of S ⊂ RN×N in the sense of the Frobenius norm
‖ · ‖.

(b) For anyT ∈ O(N) satisfyingdet(T ) = −1,
T (SO(N)) := {T U | U ∈ SO(N)} = T (SO(N) \ E).

O(N)\E Parameter SpaceQ(N)

−→
←−
Φ

Φ−1

Fig. 1. Cayley transform resolves the orthogonality constraint

(c) O(N) = (O(N) \ E) ∪ T (O(N) \ E).

Proof: Remind that any matrixU ∈ O(N) can be expressed
asU = T T

1 ΛT1 with someT1 ∈ O(N) and

Λ =




In1 0 0 · · · 0
0 −In2 0 · · · 0

0 0 R(ω1)
. ..

...
...

...
. . .

. .. 0
0 0 · · · 0 R(ωm)




(3)

(see for example [1, IV.§5]), whereIn1 ∈ Rn1×n1 and
In2 ∈ Rn2×n2 are the identity matrices,

R(ω) =
[

cos(ω)
sin(ω)

− sin(ω)
cos(ω)

]
∈ R2×2. In particular, the num-

ber of−1 in the diagonal entries inΛ is even whenU ∈
SO(N). This implies that everyU ∈ SO(N) can be ap-
proximated in any accuracy bỹU(ε) := T T

1 Λ̃(ε)T1 ∈ SO(N)\
E, whereΛ̃(ε) is given by replacing each submatrix−I2, in
−In2 [in (3)], byR(π+ε) satisfyingdet (R(π + ε) + I) 6=
0. This proves (a). (b) is obvious from (a). Application of
(a) and (b) to the fact:St(N,N) = SO(N) ∪ T (SO(N))
(see [1, IV.§6]), immediately leads to (c). (Q.E.D.)
Note: Both SO(N) andT (SO(N)) are connected subsets
of O(N) while O(N) itself is not a connected set. This
fact implies that optimization problem overO(N) should
be splitted into a pair of problems defined respectively over
SO(N) andT (SO(N)). The expressionΛ in (3) shows
thatO(N) \ E = SO(N) \ E.

Proposition 3.1 demonstrates that it is almost always
sufficient to deal with the following slightly restricted ver-
sion of Problem 1.1 (See Remark 3.5).

Problem 3.2 For a given functionΘ : RN×N → R, find a
matrix

U∗ ∈ arg inf
U∈(O(N)\E)∪T (O(N)\E)

Θ(U).

In the sequel, we focus on Problem 3.2. Thanks to the
homeomorphismΦ, betweenO(N) \ E and Q(N) (see
Fig. 1), we propose:



Definition 3.3 (Dual Cayley parametrization)
{

Φ−1 : RL(∼= Q(N)) −→ O(N) \ E
T Φ−1 : RL(∼= Q(N)) −→ T (O(N) \ E).

Now, Problem 3.2 is equivalently translated as:

Problem 3.4 Let

Θ̂1(V ) := Θ
(
Φ−1(V )

)
,

Θ̂2(V ) := Θ
(T Φ−1(V )

)
}
∀V ∈ Q(N).

Then find matrices

U∗(1) ∈ Φ−1
(
arg infV ∈Q(N) Θ̂1 (V )

)
,

and

U∗(2) ∈ T
(
Φ−1

(
arg infV ∈Q(N) Θ̂2 (V )

))
.

Remark 3.5 The setSO(N)∩E is only a small portion of
SO(N) due to the extra conditiondet(I + U) = 0. How-
ever, we should remark here that the transform could be nu-
merically unstable in the vicinity ofE. This is observed
simply for example bytr(V T V ) =

∑N
i=1

1−cos ωi

1+cos ωi
→ ∞

(asdet(I + U) =
∏N

i=1(1 + ejωi) → 0), whereejωi de-
notes thei-th eigenvalue ofU = Φ−1(V ). Moreover in the
vicinity of E, we deduce in a similar way to[11, §2.7.2]:

‖V (ε)−V ‖2
‖V ‖2 ≤ 2

∥∥(I + U)−1
∥∥

2
‖εF‖2 + Order(ε2),

whereV = Φ(U), (I +U + εF )V (ε) = I−U − εF , ∀F ∈
RN×N , andε > 0 is assumed sufficiently small (‖ · ‖2 de-

notes 2-norm). Because
∥∥(I + U)−1

∥∥
2

= maxi

√
1

2+2 cos ωi

must be large, a small variation‖εF‖2 can influence signif-
icantly the error ratio ofV . These facts suggest that the
proposed parametrization (Def. 3.3) is hardly applied to an
optimization problem aroundE.

4. OPTIMIZATION ALGORITHMS VIA DUAL
CAYLEY PARAMETRIZATION

Since Problem 3.4 is reduced to minimizinĝΘt (t = 1, 2)
over RL (∼= Q(N)), we can apply a variety of optimiza-
tion techniques (see for example [14–17]) developed essen-
tially for the constraint-free (or simply constrained) opti-
mization problems. Fig. 2 illustrates the main idea of the
proposed optimization technique overO(N) \ E, where
we assume that the optimal solution inO(N) locates suf-
ficiently far fromE. The starting pointU (1)

0 must be cho-
sen fromO(N) \ E. Then numerical optimization of̂Θ1

overRL (∼= Q(N)) can be proceeded without caring the or-
thogonality constraint. The final transform is well-defined
because of the eigenvalue distribution ofV ∗(1) ∈ Q(N).
[Of course, optimization overT (O(N)\E) can be realized
in a similar way].

4.1. Local optimization

To demonstrate the potential applicability of the proposed
parametrization technique to the local optimization overO(N),
we present the steepest descent method and the Newton
method for Problem 3.4 (hence for Problem 3.2).

Algorithm 1 (Steepest descent method for Problem 3.4)
ChooseU

(t)
0 ∈ O(N) \ E (t = 1, 2) and letV (1)

0 :=
Φ(U (1)

0 ) ∈ Q(N)(∼= RL) and V
(2)
0 := Φ(T −1U

(2)
0 ) ∈

Q(N)(∼= RL). Then generate a pair of sequencesV
(t)
n

(n = 0, 1, . . . ) by

V
(t)
n+1 := V (t)

n − γ(t)
n ∇Θ̂t(V (t)

n ), γ(t)
n ∈ [0,∞) (t = 1, 2).

In the algorithm, we need∇Θ̂t(V ) ∈ RL, which fortu-
nately can be computed by applying elementary chain rule
to ∇Θ. A variety of selection of step sizeγ(t)

n is known
[14]. For example, we often use a sufficiently small con-
stantγ(t) =: γ

(t)
n or Armijo’s rule. For the convergence of

the steepest descent method with Armijo’s rule, see for ex-
ample [14, Theorem 8.6.3]. (Note: Specially for Problem
1.2, a steepest descent type algorithm was proposed based
on a Cayley parametrization [18], which unfortunately can
cover only a small local subspace ofQ(N).)

Algorithm 2 (Newton method for Problem 3.4)
ChooseU

(t)
0 ∈ O(N) \ E (t = 1, 2) and letV (1)

0 :=
Φ(U (1)

0 ) ∈ Q(N)(∼= RL) and V
(2)
0 := Φ(T −1U

(2)
0 ) ∈

Q(N)(∼= RL). Then generate a pair of sequencesV
(t)
n

(n = 0, 1, . . . ) by

V
(t)
n+1 := V (t)

n −HbΘt
(V (t)

n )−1∇Θ̂i(V (t)
n ) (t = 1, 2),

whereHbΘt
(V ) ∈ RL×L is the Hessian matrix of̂Θt :

RL → R.

For each(v1, v2, . . . , vL) ∈ RL(∼= Q(N)), HbΘt
(V ) can be

computed by using the elementary chain rule:

∂2Θ̂t

∂vi∂vj
=

∑

k,l∈Ω

∂2Θ

∂u
(t)
k ∂u

(t)
l

∂u
(t)
k

∂vi

∂u
(t)
l

∂vj
+

∑

l∈Ω

∂Θ

∂u
(t)
l

∂2u
(t)
l

∂vi∂vj
,

whereu(1)
k andu

(2)
k (k ∈ Ω := {1, 2, . . . , N}×{1, 2, . . . , N})

denote respectively the components ofU (1) := Φ−1(V ) ∈
O(N) \ E andU (2) := T Φ−1(V ) ∈ O(N) \ E, ∀V ∈
Q(N)(∼= RL). For the standard result on the convergence of
the Newton method, see for example [14, Theorem 8.6.5].

4.2. Global optimization

Algorithm 1 (the steepest descent method) and Algorithm
2 (the Newton method) (In Sec. 4.1) can approximate only
a locally optimal solution (see for example [14, Theorems
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Fig. 2. Basic Idea of the Proposed Optimization overO(N)\E

8.6.3 and 8.6.5]). The proposed parametrization technique
would also play a central role to deal with more challeng-
ing cases where a globalε-optimal solution overO(N) is
required. Two major approaches, deterministic methods /
stochastic methods (including simulated annealing), can be
applied to Problem 3.4 [15, 16]. In this section, we briefly
introduce a simple strategy in a deterministic method. Sup-
pose thatΘ̂t : RL (∼= Q(N)) → R in Problem 3.4 isκ-
lipschitzian over a simple closed convex setC ⊂ RL [17,
19, 20]. In such a case, we can utilize for example a variety
of algorithms developed forCovering method[20, Chap.2]:
a class of global optimization techniques. The basic idea
of covering method is to detect subregionsBi’s (⊂ C)
not expected to contain the global minimum and exclude
those subregions from further consideration. A primitive
construction of suchBi’s is found in thePiyavskii’s algo-
rithm (see for example [17] and [20, p.27]). After obtaining{(

Vi, Θ̂t(Vi)
)}K

i=1
, his algorithm constructs hyperspheres:

Bi :=
{

V ∈ RL | Θ̂t(Vi)− κ‖V − Vi‖ ≥ min
1≤i≤K

Θ̂t(Vi)
}

(k = 1, . . . ,K). SinceΘ̂t(V ) has no smaller value than
min

1≤i≤K
Θ̂t(Vi) in ΥK :=

⋃K
i=1 Bi, it is natural to select a

next pointVK+1 from C \ ΥK . In order to give a point
VK+1 from C \ ΥK , many techniques have been devel-
oped [17, 19–23]. The covering methods usually lead to
numerical algorithms that can compute a pointṼ satisfy-
ing Θ̂t(Ṽ ) ≤ infV ∈C Θ̂t(V ) + ε. Thanks to the proposed
parametrization technique, a variety of algorithms devel-
oped for the covering methods can be applied naturally to
Problem 3.4. Further study of Problem 3.4 in this direction
will be reported elsewhere.

Fig. 3. Graph comparing the performances of the proposed
method (Algorithm 1) and an algorithm in [8] (called Algorithm
3 in the present paper) with Armijo’s rule for the joint orthogonal
matrix diagonalization of 10 randomly generated 9-by-9 matrices
with eigenvalues uniformly distributed over[−0.05, 0.05].

5. NUMERICAL EXAMPLES

We present numerical comparisons of the proposed algo-
rithms (Algorithms 1 and 2) with algorithms in [8] (called
Algorithms 3 and 4 in the present paper). Algorithm 3 is
a steepest descent type method that updatesUn ∈ O(N)
to Un+1 ∈ O(N) in the steepest descent direction ofΘ
alongO(N) in terms of the local parametrization realized
by projection ontoO(N) (see Section 1). Similarly, Algo-
rithm 4 is a Newton type method that updatesUn ∈ O(N)
to Un+1 ∈ O(N) in the Newton’s descent direction ofΘ
alongO(N) in terms of the local parametrization realized
by projection ontoO(N) (see Section 1). To design the
step sizeγn for Algorithms 1 and 3, we used Armijo’s rule
in Figs. 3 and 5, and constant step sizesγn = 5.0 in Fig. 4
andγn = 0.01 in Fig. 6 respectively.

First, we applied Algorithms 1-4 to Problem 1.2 (i.e.,
Θ := fA), whereN = 9 andK = 10. Each target matrix
Ak in Problem 1.2 was constructed by multiplying a ran-
dom orthogonal matrix and its inverse from the left and right
hand-sides of a random diagonal matrix whose diagonal en-
tries are distributing uniformly in the range[−0.05, 0.05].
For Algorithms 1 and 2,T := −I9 was used to define
Θ̂2. We also used as their common starting matricesV

(t)
0 ∈

Q(N) (t = 1, 2), the matrixV0 ∈ Q(N) of which every
component in the strictly upper triangle locations is1/N .

In Figs. 3 and 4, Algorithm 1(t), depicts the behavior
of Θ̂t(V

(t)
n ), n = 1, . . . , 100, (t = 1, 2) generated by Al-

gorithm 1. Similarly, Algorithm 3(t) depicts the behavior
of Θ(U (t)

n ), n = 1, . . . , 100, (t = 1, 2) generated by Al-
gorithm 3 with the starting matricesU (1)

0 := Φ−1(V0) ∈
SO(N) andU

(2)
0 := T Φ−1(V0) ∈ T (SO(N)). The per-



Fig. 4. Graph comparing the performances of the proposed
method (Algorithm 1) and an algorithm in [8] (called Algorithm
3 in the present paper) with common step sizeγn = 5.0 for the
same joint orthogonal matrix diagonalization as in Fig. 3.

formances of Algorithmsi(1) andi(2) (i = 1, 3) have no
difference becauseΘ(U) = Θ(T U), ∀U ∈ O(N) holds in
this problem. Figs. 3 and 4 show that Algorithm 1 has better
performance than Algorithm 3 for this joint diagonalization
problem.

Next, in order to show more clearly the effects made by
the proposed parametrization, we applied Algorithms 1-4 to
the minimization ofΘ(U) := (tr{UT V })2, whereV =
Φ(U) ∈ Q(N) andN = 10. In this case, by the commuta-
tivity of matrices under the trace operator,Θ has the same
shape in the orthogonal groupO(N) \ E and in the Cayley
transform domainQ(N), hence we can observe the effects
made by the proposed parametrization. In Figs. 5 and 6, we
present the behaviors of̂Θ1(V

(1)
n ), n = 1, . . . , 25, gener-

ated by applying Algorithms 1 and 2 toV (1)
0 ∈ Q(N) of

which every component in the strictly upper triangle loca-
tions is1/N . We also present there the behaviors ofΘ(U (1)

n ),
n = 1, . . . , 25, generated by applying Algorithms 3 and 4
to U

(1)
0 := Φ−1(V (1)

0 ) ∈ SO(N). These results demon-
strate clearly that the proposed methods (Algorithm 1 and 2)
exhibit much better performances than Algorithms 3 and 4.

Finally, we remark that the performances of the pro-
posed algorithms (Algorithms 1 and 2) severely decline in
an exceptional case where an optimal solution locates around
E. This fact is demonstrated by the vast plateau gener-
ated through the Cayley parameterization (See Remark 3.5),
and is observed in Fig. 7, wherêΘ(Vn) [Algorithm 1] and
Θ(Un) [Algorithm 3] are depicted for Problem 1.2 with[
−I2
O

O
I3

]
∈ E as one of its solutions, and both algorithms

start from matrix
[
R
O

O
I3

]
, whereR =

[
cos(π+0.7)
sin(π+0.7)

− sin(π+0.7)
cos(π+0.7)

]
.
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