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ABSTRACT

In this paper, we present an algorithm for the problem of
multi-channel blind deconvolution which can adapt to un-
known sources with both sub-Gaussian and super-Gaussian
probability density distributions using a generalized expo-
nential source model. We use a state space representation
to model the mixer and demixer respectively, and show how
the parameters of the demixer can be adapted using a gradi-
ent descent algorithm incorporating the natural gradient ex-
tension. We also present a learning method for the unknown
parameters of the generalized exponential source model. The
performance of the proposed generalized exponential source
model on a typical example is compared with those of two
other algorithms, viz., the learning algorithm with a fixed
nonlinearity, without any regard to the underlying probabil-
ity distribution of sources, and the switching nonlinearity
algorithm proposed by Leeet al. [7].
Keywords: blind deconvolution, blind source separation,
state space representation, generalized exponential source
model.

1. INTRODUCTION

Recently, the problems of Blind Source Separation (BSS) or
Independent Component Analysis [2, 3], and multichannel
blind deconvolution (MBD) [8] have been extensively stud-
ied. For BSS problems, source signals are instantaneously
mixed by an unknown matrix, while for MBD problems,
the source signals are mixed through a series of unknown
dynamical systems. Since the mixing involves dynamical
systems in MBD problems, delay is inevitably present, thus
rendering it more complex to analyze than BSS.

In BSS and MBD problems, both the sources and the
mixing system are unknown, it is intuitively clear that the
sources cannot be recovered without some necessary restric-
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tions on the nature of the sources. The usual assumptions
[2] place on the problems of BSS and MBD are as follows:

1. The source signals are statistically independent.

2. At the most one of the source signals is Gaussian dis-
tributed.

3. It is only possible to recover the source signals mod-
ulo scale, and polarity.

In addition, in this paper, we assume that the dynamical
mixing systems in MBD problems are linear time invariant
(LTI) systems which are modeled by constant parameters.

There are many algorithms for tackling BSS and MBD
problems. A popular assumption on the source signals is
that they have sharply symmetrical distributions, i.e., the
source signals are super-Gaussian with positive kurtosis. The
classic Bell-Sejnowski infomax algorithm [2] works well
when it is applied to mixtures of super-Gaussian signals,
but it becomes inefficient when the mixtures include sub-
Gaussian signals. The reason of the inefficiency in source
separation in this case is that the assumed source model is
invalid for the sub-Gaussian sources. This gives impetus
to find more appropriate source models to BSS and MBD
problems.

Most researchers focus on modelling the sources with
symmetrical unimodal probability density distributions be-
cause they are simple to analyze and they can model the
source signals well in practice. Douglaset al. [5] presented
a simple and efficient extension of a family of algorithms
in BSS and MBD problems with mixtures of arbitrary non-
Gaussian sources. Their algorithms [5] monitor the statis-
tics of each output signal of the demixer, then selects the
appropriate nonlinearity for each recovered source. Their
algorithm is based on some necessary BSS stability condi-
tions [3]. Choiet al. [4] derived a learning algorithm, called
flexible ICA, with a “flexible”nonlinearity. This nonlinear
function is controlled by the Gaussian exponent according
to the estimated kurtosis of the recovered signals. Hence



the algorithm can successfully separate the mixture of both
super-Gaussian and sub-Gaussian sources simultaneously.
In Lee et al. [7], an extension of the infomax algorithm
is derived which is able to separate both super- and sub-
Gaussian independent components. A symmetrical strictly
sub-Gaussian density is modeled using a symmetrical form
of Pearson model or hyperbolic Cauchy density model. A
switching criterion based on BSS stability analysis [3] is
obtained.

The above mentioned methods work well as they as-
sume that the characteristics of the signals do not alter rapidly.
In these methods, there is a certain detection latency as most
of them require a finite time to elapse before they can react
to the characteristics of the recovered source signals. For
example, in [4] the kurtosis of the recovered signals need to
be estimated while in [5], statistics of the recovered signals
need to be monitored. Hence for signals whose character-
istics vary rapidly, the above mentioned methods might not
be sufficiently sensitive.

In this paper, we will consider the generalized exponen-
tial source model originally proposed in [6] to “automat-
ically”estimate the source signals in the MBD problems.
Here “automatic”is taken to mean that our algorithm will es-
timate the parameters of the generalized exponential source
model from the recovered signals directly. The nonlinearity
used in the separation of signals is a function of these esti-
mated parameters. The parameters of the generalized expo-
nential source model can be easily interpreted, thus adding
transparency to the estimated parameters. Hence the pro-
posed algorithm works more “flexibly”in its ability to adapt
to the changing nature of the source signals.

The paper is organized as follows: State space Approach
to Multichannel Blind Deconvolution is described in Sec-
tion 2. For the sake of completeness, in Section 3 we include
a brief description of the switching nonlinearity1 algorithm
[7] adapted to the MBD case. This section also contains a
special form of the switching nonlinearity algorithm, viz.,
the fixed nonlinearity algorithm. Generalized Exponential
Source Model is introduced in Section 4. Some experimen-
tal results are given in Section 5. Finally we draw some
conclusions in Section 6.

2. STATE SPACE APPROACH TO
MULTICHANNEL BLIND DECONVOLUTION

Given a vector of observed signalsu(k), k ∈ [0, N ], we
wish to recover the source signalss(k) based on the as-

1Note that in this paper we abuse the term “switching” nonlinearity, and
use it to denote the method due to Leeet al [7], even though the generalized
exponential model proposed in this paper is also a switching nonlinearity
type of algorithm. As may be observed later in Sections 3 and 4, the Leeet
al method switches the nonlinearity based on some statistical estimation of
the recovered signals, while the proposed generalized exponential model
switches the nonlinearity based on the sign of the recovered signal.

sumption that the sources are statistically independent. If
we assume that the observations are convolutive version of
the sources, the problem can be tackled using state space ap-
proach [8]. We consider the state space approach instead of
the transfer function approach, as the state space approach
can be easily extended to nonlinear mixing systems. More-
over, the state space approach not only gives an efficient
internal description of the dynamic systems, but also there
exist different possible equivalent state space realizations,
for instance, canonical controller form [8] which allows us
to find “efficient” representations of the demixer2.

We model the mixing environment of the MBD problem
as follows:

x(k + 1) = Ax(k) + Bs(k) (1)

u(k) = Cx(k) + Ds(k), (2)

wheres ∈ Rn, u ∈ Rn, andx ∈ RN are the source sig-
nals, the observations, and the state of the LTI dynamical
system, respectively. The system matricesA ∈ RN×N ,
B ∈ RN×n, C ∈ Rn×N , andD ∈ Rn×n, which are as-
sumed to be constant, are state mixing matrix, input mixing
matrix, output mixing matrix, and input-output mixing ma-
trix respectively. The system matrices in the demixer are
similarly defined. For simplicity, we assume the number of
sourcen equals to the number of sensors. Normally, the
system orderN is unknown; we need to estimate its value
from the observed data. Here we assume that the system or-
der is “known” 3. Correspondingly, we model the demixer
using a similar discrete time dynamical system:

x(k + 1) = Ax(k) + Bu(k) (3)

y(k) = Cx(k) + Du(k), (4)

where the input vectoru ∈ Rn is the output of the mixer,
y ∈ Rn is the recovered signal vector, andx ∈ RN is the
system states of the demixer. For successful separation and
deconvolution, we needN ≥ N . Here we assume both the
mixer and the demixer exist, in particular,D−1 exists. The
condition of the existence of solution in multichannel blind
deconvolution is studied in [8].

We measure the dependence among the recovered sources
y using mutual information. GivenP (y), the probability
density function (PDF) of the recovered signal vectory, the
mutual information between the recovered signals can be

2Efficient in the sense that the representation is minimal in terms of the
number of states used and in terms of the parameter identifiability of the
unknown parameters.

3Estimated using an as yet unpublished method based on balanced re-
alization techniques.



defined as follows:

I(y) =
∫

P (y)
P (y)∏n
q P (yq)

dy (5)

= −H(y) +
n∑

q=1

H(yq), (6)

whereH(y) = −E[log(P (y)] is the entropy ofy, H(yq) =
−E[log(P (yq))] is the marginal entropy ofyq. For sim-
plicity, for the remaining part of this paper, the time index
k is dropped if there is no risk of confusion. Observe that
I(y) ≥ 0, andI(y) = 0 if and only if the components
of vectory are statistically independent. ThereforeI(y) is
an appropriate measurement of the dependence among the
recovered signals. Unfortunately, mutual information is dif-
ficult to compute explicitly, hence we use a cost function
similar to [8]:

max
Ω

l(y,Ω) = max
Ω

[
log | det(D)| −

n∑
q=1

log P (yq)

]
, (7)

whereΩ = {A,B, C,D, R, β} is the set of system param-
eters and source model parameters, which we will study in
Section 3 and 4, det is the determinant.

There exist various ways to tackle the optimization prob-
lem [8]. Here we follow the derivation of information back-
propagation approach given in [8].

2.1. Gradient-based learning rules

Based on the cost function (7), we can easily obtain the fol-
lowing updating rules. For matricesD andC:

∆D = η(k)(I − ϕ(y)uT DT )D (8)

∆C = −η(k)ϕ(y)xT , (9)

whereϕ(•) is a vector nonlinearity related to the source
model. This will be discussed further in Section 3. Note,
natural gradient [1] is used in (8) to improve the perfor-
mance of the learning process. Similarly, for matricesA
andB, we have:

∆Aij = −η(k)ϕT (y)
N∑

`=1

C•`
∂x`

∂Aij
(10)

∆Biq = −η(k)ϕT (y)
N∑

`=1

C•`
∂x`

∂Biq
, (11)

where`, i, j = 1, 2, ..., N , q = 1, 2, ..., n, C•` denotes the
`-th column vector of matrixC. ∂x`

∂A , ∂x`

∂B can be obtained

from following:

∂x`(k + 1)
∂Aij

=
N∑

m=1

A`m
∂xm(k)
∂Aij

+ δ`ixj (12)

∂x`(k + 1)
∂Biq

=
N∑

m=1

A`m
∂xm(k)
∂Biq

+ δ`iuq, (13)

whereδ`i is the Kronecker delta function.

3. LEE ET AL. SWITCHING NONLINEARITY
ALGORITHM

For the sake of completeness, we will briefly describe the al-
gorithm due to Leeet al. [7] on detecting the kurtosis of the
recovered signals, and then switch the nonlinearity based on
this information. We will follow closely the development in
[7], but adapting their notation to the notations in this paper
for its applications to MBD.

Consider the learning equation forD, as shown in (8).
Consider the reconstructed signaly. In general, a symmet-
rical form for modelling a strictly sub-Gaussian density can
be obtained using Pearson’s mixture model:

P (yq) =
1
2

[
N(µ, σ2) + N(−µ, σ2)

]
, (14)

whereN(µ, σ2) denotes the Gaussian distribution with mean
µ, and varianceσ2. For various values ofµ this can be ei-
ther a unimodal distribution, or a bimodal distribution. The
nonlinearity in (8) can be expressed as:

ϕ(yq) = −∂ log P (yq)
∂yq

=
yq

σ2
− µ

σ2
tanh

( µ

σ2
yq

)
. (15)

If µ = 1, andσ2 = 1, and substituting this into (8), we
have:

∆D = η(k)(I + tanh(y)uT DT − yuT DT )D. (16)

This is the learning algorithm derived by assuming that the
source model is a sub-Gaussian model. And in a similar
fashion, we can derive a learning rule for super-Gaussian
distributions. The two can be combined together to give:

∆D = η(k)
(
I −K tanh(y)uT DT − yuT DT

)
D, (17)

whereK is a diagonal matrix with elementskq = 1 if the
recovered signal is super-Gaussian, andkq = −1 if the re-
covered signal is sub-Gaussian. If we assume thatK is an
identity matrix, then this will be referred to as the fixed non-
linearity case. This is the algorithm derived in [8].

Using stability arguments [3], it is possible to estimate
the coefficientkq as follows:

kq = sign
{
E{sech2(yq)}E{y2

q} − E{tanh(yq)yq}
}

.
(18)

Thus,kq can be estimated for each recovered signal.



4. GENERALIZED EXPONENTIAL SOURCE
MODEL

A generalized exponential source model is introduced in
[6]. This model encompasses both super- and sub-Gaussian
sources. The generalized exponential density is expressed
as follows:

P (yq) ≡ G(yq;Rq, βq) =
Rqβ

1/Rq

2Γ(1/Rq)
exp(−βq|yq|Rq ),

(19)
whereΓ(•) is a Gamma function. The density has zero
mean, a variance determined by1/βq, and a kurtosis deter-
mined byRq. The source is Gaussian whenRq = 2; super-
Gaussian when0 < Rq < 2 (Laplacian whenRq = 1);
and the source is sub-Gaussian whenRq > 2 (uniform dis-
tributed if Rq → ∞). Once we model the source with gen-
eralized exponential density, we can choose the nonlinearity
as follows:

ϕ(yq) = −d log P (yq)
dyq

= βqRq|yq|Rq−1sign(yq), (20)

where the sign operator can be defined as follows:

sign(yq) =





1, yq > 0
0, yq = 0
−1, yq < 0

. (21)

The parameters of the model can be estimated online as
follows: Consider the cost function (7), we need to learn the
parameters of the generalized exponential source model to
maximize the cost function. We can derive the gradient of`
with respect toRq andβq as follows [6]:

∂l

∂βq
=

1
Rqβq

− |yq|Rq (22)

∂l

∂Rq
=

1
Rq

− 1
R2

q

log(βq) +
1

R2
q

ψ(1/Rq)

−βq|yq|Rq log(|yq|), (23)

whereψ(•) = Γ
′
(•)/Γ(•) is the digamma function. Based

on the above gradient, we have the following learning rules
for βq andRq:

∆βq = η(k)
(

1
Rqβq

− |yq|Rq

)
(24)

∆Rq = η(k)[
1

Rq
− 1

R2
q

log(βq) +
1

R2
q

ψ(1/Rq)

−βq|yq|Rq log(|yq|)]. (25)

5. EXPERIMENTAL RESULTS

In this experiment, we synthesize two source signals, from
6 sources: 4 signalsS

′
i , i = 2, . . . , 5 are uniformly dis-

tributed, while the other two signalsS
′
1 andS

′
5 are segments
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Fig. 1. Parameter variations of D of the state space approach

of speech signals. The speech signals are super-Gaussian,
while the uniformly distributed signals are sub-Gaussian.
The sources are synthesized as follows:

S1 =





S
′
1 if t < 1000

S
′
2 if 1001 ≤ t < 6000

S
′
1 if 6001 ≤ t < 7000

S
′
3 if 7001 ≤ t < 12000

,

and

S2 =





S
′
4 if t < 2000

S
′
5 if 2001 ≤ t < 6000

S
′
6 if 6001 ≤ t < 8000

S
′
5 if 8001 ≤ t < 12000

.

Thus our source signals are non-stationary. We designed
the source signals so that we can test the adaptability of the
algorithms to the variation of signals. The observed sig-
nalsu(k) are obtained by passing the source signals through
a mixing linear dynamical system defined in (1), and (2),
where the source numbern = 2, and system orderN = 2.
The system matricesA, B, C, andD are randomly selected,

except that we guaranteeD
−1

exists and the eigenvalues of
A are within the unit circle.

5.1. Fixed nonlinearity approach

In this section, we will apply the fixed nonlinearity approach
[8] to recover the two non stationary signals. The results are
shown in Figures 1 to 2.

5.2. Leeet al.’s Switching Nonlinearity method

In this section, we present results (shown in Figures 3 to 5)
in applying the method derived in Section 3.

5.3. Generalized exponential model approach

In this section, we will present results using the generalized
exponential model approach as proposed in this paper (see
Figures 6 to 8).

Table 1 gives the mean squared errors among the three
methods. It is noted that the generalized exponential model
gives the smallest mean squared errors.
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Fig. 2. Signals of the fixed nonlinearity approach. The top
two graphs show the sources; the second set of two graphs
show the separated recovered signals; the next set of two
graphs show the error between the recovered signals and
the source signals; while the lowermost two graphs show
the output of the mixer.
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Fig. 3. Parameter variations of D of Leeet al’s method.
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Fig. 4. Signals of Leeet al’s method. For explanation of
these graphs please see caption for Figure 2.

Method Signal 1 Signal 2
Fixed nonlinearity model 0.0004 0.0001
Leeet al 0.0039 0.0021
generalized exponential model 0.0002 0.00005

Table 1. A table showing the mean squared errors as ob-
tained by each of the three methods.
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Fig. 5. The switching function in Lee et al.’s method as
estimated using the algorithm indicated in this paper. The
upper graphs give the functions before the sign function is
applied as indicated in Equation (18).
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5.4. Remarks

We have carried out a number of experiments involving mix-
tures of super-Gaussian signals and sub-Gaussian signals or
signals synthesized from these signals through switching as
performed in the experiment shown in this section (these re-
sults are not shown here due to lack of space) which show
the following general observations:

• In general the fixed nonlinearity approach [8] works
well even though it is not designed for efficiently pro-
cessing sub-Gaussian signals. It is noted that if there
are a number of sub-Gaussian signals, this approach
may suffer somewhat, but nevertheless it is still ca-
pable of separating the mixed signals into recovered
signals.

• Leeet al method also works very well in general.

• In all experiments performed to-date, it appears that
the generalized exponential source model method works
best, in terms of adaptation speed, and in terms of in-
terpretability. It is transparent by considering the pa-
rameter variation ofRi when the recovered signal is
super-Gaussian (between [0,2]), or sub-Gaussian ((2,
∞)). This may be one of its best assets, in compari-
son with other proposed methods.

• In general, the generalized exponential source method
appears to adapt to the signal quite rapidly. For ex-
ample, in the above example, it is found that for the
recovered signalS1, the switching points are respec-
tively located at 1825, 7003, 7427, while for the re-
covered signalS2, they are located at 2503, 6339, and
8488 (see Figure 8). It is noted that the method ap-
pears to recognize within about 1000 samples that the
underlying signal characteristics have changed (through
the monitoring of the parametersRi). It is further
noted that the algorithm appears to recognize the uni-
form distributed signal (as the parameterRi appears
to grow linearly to a large value).

• In general the Leeet al method switches the non-
linearity quite well. However, it is possible that the
switching might not occurred at all, as demonstrated
in the latter part of the recovery of signalS2 as shown
in Figure 5.

6. CONCLUSION

In this paper, we consider the possibility of “automatic”
adaptation to the source model, whether it is super-Gaussian
or sub-Gaussian. We use the fixed nonlinearity approach [8]
as the baseline for comparison. We extend the generalized
exponential source model proposed in [6] to the MBD case.

In addition, we have extended the switching nonlinearity
method in [7] to the MBD case as well. The three meth-
ods are all applied to two synthesized signals made up of
segments of speech signal and uniformly distributed signal.

It is quite surprising to observe that the method proposed
in [8] works well even though it was not designed to work
with non stationary signals. The method proposed in [7]
works well, with the nonlinearities switching based on an
estimation of the kurtosis of the recovered signals. The pro-
posed generalized exponential model works best in that it
gives the smallest mean squared error.
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