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ABSTRACT 

Algebraic Independent Component Analysis (AICA) is a new 
ICA algorithm that exploits algebraic operations and vector-
distance measures to estimate the unknown mixing matrix in a 
scaled algebraic domain. AICA possesses stability and 
convergence properties similar to earlier proposed geometic ICA 
(geo-ICA) algorithms, however, the choice of the proposed 
algebraic measures in AICA has several advantages. Firstly, it 
leads to considerable reduction in the computational complexity 
of the AICA algorithm as compared to similar algorithms relying 
on geometric measures making AICA more suitable for online 
implementations. Secondly, algebraic operations exhibit 
robustness against the inherent permutation and scaling issues in 
ICA, which simplifies the performance evaluation of the ICA 
algorithms using algebraic measures. Thirdly, the algebraic 
framework is directly extendable to any dimension of ICA 
problems exhibiting only a linear increase in the computational 
cost as a function of the mixing matrix dimension. The algorithm 
has been extensively tested for over-complete, under-complete 
and quadratic ICA using unimodal super-gaussian distributions. 
For other less peaked distributions, the algorithm can be applied 
with slight modifications. In this paper we focus on the 
overcomplete case, i.e., more sources than sensors. The 
overcomplete ICA is solved in two stages, AICA is used to 
estimate the rectangular mixing matrix, which is followed by 
optimal source inferencing using L1 norm based interior point 
LP technique. Further, some practical techniques are discussed 
to enhance the algebraic resolution of the AICA solution for 
cases where some of the columns of the mixing matrix are 
algebraically “close” to each other. Two illustrative simulation 
examples have also been presented. 

1. INTRODUCTION 

Independent Component Analysis can be best visualized as a 
projection method where the observed mixture data is projected 
onto a new basis, which minimizes the statistical dependence 
among the various data components. Such a representation is 
very appealing in a number of domains including statistics, 
signal processing, bio-medical, molecular, communications, 
audio, speech, sonar, astro-physics, textual-topics etc. The best-
known application of ICA is termed as blind source separation 
(BSS).  BSS provides the framework for the estimation of the 
original source signals directly from their measured static 
mixture with the only underlying assumption of mutual 
independence of the actual source signals.  

Overcomplete Independent Component Analysis and Blind 
Source Separation (BSS) is a special case of Blind Source 
Recovery (BSR) framework, where the dimension of the 
mixtures is smaller than the dimension of actual sources. The 
adaptive BSR framework [7,8] can be pictorially represented as 
shown in Fig. 1. Let ns R∈ represent an n-d vector of unknown 
sources. These sources are mixed by a parameterized but 
unknown dynamic model H m nR ×∈ . The task of BSR is then to 
recover the original sources, as best as possible, by an adaptive 
estimation of the demixing network H M mR ×∈  from the 
available m-d mixture vector mm R∈ . The output of this setup 

is labeled as My R∈ , an M-d vector where desirably M n≥ . 
The processing network H  must be constructed with the 
capability to counteract the environment model H . For the 
simple case, where  m n= , this is equivalent to estimating the 
inverse of the environment mixing matrix H . 
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Figure 1. Adaptive Blind Source Recovery Setup. 
 

Possible differences in the dimensions of the signal, mixture 
and output vector stem from the blindness of the problem. 
However, in most cases it is very difficult if not impossible to 
determine the number of unknown sources directly from the 
observed mixtures [4,6]. This results in three types of BSS/ICA 
problems, i.e.  
• For m n= , the problem is referred to as quadratic ICA or 

simply ICA 
• For m n> , the problem is termed as undercomplete ICA, 

due to higher dimensionality of the projected mixture space 
• For m n< , the problem is called overcomplete ICA, due to 

scarcity of dimension in the mixtures space. 
Theoretically for static BSS problems, the demixing network 

(matrix) can be conveniently estimated for the cases of quadratic 
and undercomplete ICA [3,5,6,9]. The overcomplete ICA, 
however, poses an intractable problem with no straightforward 
theoretical solution. In fact, even with the knowledge of the 



mixing matrix, the sources cannot be estimated by any simple 
linear algebraic manipulation as is true for the other two cases. A 
possible solution for the case of sparsely distributed sources is 
inspired from basis pursuit [2], where once the mixing matrix is 
known, the sources are estimated using an interior point linear 
programming minimization of an L1 norm based performance 
functional. Other techniques based on shortest path arguments 
have been proposed in [7,8] under the assumption that any 
instant of time the number of active sources does not increase 
the dimension of the mixture. Several possible solutions to the 
separation of independent components from their overcomplete 
mixtures have been proposed for super-gaussian sources [1,4,7,8 
and the references therein], but the achieved separation quality 
in general is not very good.  

The proposed algebraic ICA algorithm is meant for the blind 
estimation of the mixing matrix and provides promising results 
for all cases ICA. Under the assumption of sparse sources, AICA 
provides a blind estimate of the mixing matrix, termed as Blind 
Mixing Matrix Recovery (BMMR) [7]. BMMR directly 
constitutes a solution for quadratic ICA (and undercomplete ICA 
after discarding the appropriate undesired subspace), while for 
the case of overcomplete ICA, it is followed by a stage for the 
recovery of more sources than observations based on the already 
estimated mixing matrix [4,7,8]. 

In the next sections we present the Algebraic ICA algorithm 
and a permutation invariant algebraic performance benchmark 
for the evaluation of ICA algorithms. The source recovery step 
has been summarized for the convenience of the reader. Further, 
a discussion is made on how to determine the confidence levels 
for the estimated columns of the mixing matrix. This is followed 
by simulation examples and a discussion on the algorithm itself. 
 

2. ALGEBRAIC INDEPENDENT COMPONENT 
ANALYSIS 

 
The Algebraic ICA (AICA) algorithm is based on the linear 

algebraic notion of dot-product between two n-d data vectors as 
a distance measure. The dot product between two vectors a  and 

b  in the same basis nRΨ ∈  is defined as  

. cosT
aba b a b a b θ=     (2.1) 

where  

abθ  is the n-d angle between the vectors a  and b . 
In case, the two vectors have been projected onto a unit 

hyper-sphere 1 nRΨ ∈ , then 1a b= = , and the dot product 

simply becomes a measure of the n-d. angle or difference in 
directions of the two vectors.  

If the two vectors are co-incident (i.e., lie along the same n-d 
direction), the absolute value of the cosine of the n-d angle abθ  
is maximum (i.e., one), while if they are orthogonal to each 
other, the cosine of the angle abθ  becomes zero. Therefore, 
after projection onto a unit hyper-sphere, the notion of minimum 
distance is equivalent to the notion of maximizing the absolute 
dot-product between the projected vectors. Using the absolute 
value of the dot product produces a sign ambiguity, which is 
inherent in any ICA algorithm. This results in considerable 
computational savings during the implementation of the 
proposed algorithm, i.e., 

. .a b a b=  where a a= −     (2.2) 

Another useful property for the dot-product is its insensitivity 
to the order of the product, i.e., . .a b b a=  

In order to satisfy the stability and convergence requirements 
of AICA, the original source distributions should be unimodal, 
super-gaussian and preferably symmetric [4,7,8].  

Consider the case where there are n original independent 
Lebesgue-continuous sources ; 1,2n

ks R k n∈ = …  

[ ]1 2( ) ( ) ( ) ( ) ; 1,2, ,T
ns i s i s i s i i N= = …    (2.3) 

that are mixed by a mixing matrix m nH R ×∈ , where m may or 
may not be equal to n, i.e.,  

[ ]1 2 ; ; 1,2m
n kH h h h h R k n= ∈ = …    (2.4) 

where each column maps the kth source signal ks  to the mixture 

space m
km R∈ , i.e., m Hs= .  

Without any loss of generality, we can assume that the 
columns of the mixing matrix reside on the m-d unit hyper-
sphere. In case the columns of H do not satisfy this constraint, 
they can be projected onto this hyper-sphere by  

1 2 nH h h h =       (2.5) 

where 

; 1,2kk
k

hh k nh= = …     (2.6) 

This assumption is equivalent to having a scaling ambiguity 
in the mixing matrix estimates by the algorithm, which is again 
inherent in any ICA formulation.  

In the new mixtures basis mm R∈ , the kth source data is 
clustered along the m-d hyper-direction formed by the 
intersection of kh  and  - kh . The AICA algorithm therefore tries 
to estimate these hyper-directions (and hence the mixing matrix) 
using algebraic operations on the available mixture data. 
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Figure 2. A scatter plot example of the projection of two 

sources onto the 2 × 2 mixture space. 
 

For illustration clarity, consider the case for m = n = 2 as 
shown in Fig. 2. The columns of the mixing matrix H  have 
been normalized so that they are projected onto the unit circle. 
In order to clearly indicate the direction of the mixing matrix, 
we have plotted and drawn lines between i ih h  and - i ih h . 
The mixture data has also been scaled to fit within the unit 
circle. The dashed lines indicate the basins of attraction for each 
of these directions.  



 
2.1. The Algebraic ICA Algorithm 

 
We assume that the n-d mixture data has been accumulated over 
some period of time and there are N samples available that in 
essence can capture the distribution model of the original 
sources and are also adequate for the algorithm to converge. 
Furthermore, the dimension m×n of the desired weight network 
is known. The algorithm can be implemented as follows: 
 

1. Pick an n number of m-d starting elements for the weight 
matrix [ ]0 1 2 nW w w w= …  on the unit hyper-sphere. 
These initial starting points can be chosen in a number of 
ways, e.g., they can be either chosen randomly or evenly 
distributed around the unit hyper-sphere. 

2. Choose an m-d mixture sample vector im  taken at the ith 
sampling instant , such that 0, 1,2im i N≠ = …  

3. Project this sample mixture vector onto the m-d unit hyper-
sphere by 

, 1,2i
i

i

mM i N
m

= = …      (2.7) 

4. Find the dot-product of this projected mixture vector 
iM with the current ith estimates of the weight matrix 
; 0,1 1iW i N= −…  

5. Determine the closest weight direction (i.e., the winner 
column) by 

* arg max * ; 1,2, , 1,2,  T
j i j

w j
w M w j n i N= = =… …  (2.8) 

6. Update only the winning weight direction by the following 
algorithm 

( )
( )

* *
*

* *

( ) * ( )sgn( ( ) ) ,   if  * 0
( 1)

( ) * ( )sgn( ( ) ) ,  if  * 0

T
j i j i j

j T
j i j i j

w k t M w k M w
w k

w k t M w k M w

ψ η

ψ η

 + − >+ = 
 + − − <


where     (2.9) 
( )tη - represents a small time adaptive learning rate. Often 

the learning rate is chosen to be an exponentially 
decreasing function with a decay rate that depends on the 
characteristics of the source distributions to be estimated. 

(.)ψ - is a nonlinear function that projects the updated 
weight vector again onto the unit hyper-sphere 

7. Determine the change in weight space  
1; 1,2,i i iW W W i N−∆ = − = …    (2.10) 

8. If iW ε∆ <  where ε >0 is a small positive valued stopping 
criterion; the algorithm has converged to its final state. 

9. Otherwise, update the iteration counter 1i i= + , and repeat 
steps 2 to 9 till the algorithm converges.  

 

For the proposed algorithm, the update is according to the 
rule:  one winner takes all. The proposed algorithm framework 
has similarities to the Geometric ICA algorithm [7,8,9] but 
requires significantly less computation due to the choice of a 
different distance measure and a reduced number of parameters 
to update. Both algorithms, however, resemble the Kohonen’s 
algorithm for self-organizing maps with a trivial zero-
neighborhood [9]. The use of a neighborhood function in the 
proposed algorithm is currently being investigated for source 

distributions other than the super-gaussian. There is interest in 
the ability to handle signals with multiple source distributions 
[10]. 
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Figure 3. Convergence of the weights in the 2 × 2 mixture 

space; (0)iw denotes the initial weight locations while ( )iw ∞  
denotes the final weight location. 

 
Fig. 3 presents the results after convergence of the proposed 

algorithm for the 2×2 case as presented in Fig. 2. The initial 
estimates of the weight vector were chosen randomly. It is 
evident from Fig. 3 that the algorithm caused the initialized 
weights to converge to the nearest desired direction.  

2.1. Algebraic Matrix-Distance Index (AMDI)  

Algebraic Matrix Distance Index is primarily a scaling, sign and 
permutation invariant numerical index to estimate the 
“similarity” between the column-bases of two matrices with 
conformal dimensions. These attributes make AMDI suitable for 
comparison of any two matrices of similar dimensions including 
results for algorithms such as AICA and geo-ICA. Unlike the 
multichannel intersymbol interference (MISI, or the so called 
Amari Performance Index), which measures the diagonalization 
of the global solution (if it can be calculated) in ICA or BSS. 
AMDI is used to compares the estimated mixing matrix with the 
synthetic or known mixing matrix to gauge the performance of 
the algorithms that compute the mixing matrix instead of the 
demixing matrix. Furthermore, for the case of overcomplete 
ICA, although no MISI can be calculated, yet AMDI can be used 
to verify the correctness of the estimated mixing matrix.    

This Algebraic Matrix-Distance Index (AMDI) is a 
symmetric “matrix-distance” measure. It estimates the distance 
between two column-normalized matrices independent of 
possible sign and permutation ambiguities. The columns of the 
matrices are normalized by projecting them onto the conformal 
unit hyper-sphere by dividing all the elements of each column 
by the norm of the corresponding column. The AMDI is given 
by 

- max( '* ) - max( '* )
( , ) rows cols

n W H n W H
AMDI W H

n n
= +

∑ ∑
 (2.11) 

where 
W, H – are two column-normalized matrices of similar 
dimensions. 

The Algebraic Matrix Distance Index (AMDI) has the 
following properties: 



• 0 ( , ) 2AMDI W H≤ ≤ ; AMDI(W,H) = 2 only if both 
matrices are orthogonal to each other in the n-d space, also 

• ( , ) ( , )AMDI W H AMDI H W=     
In order to better visualize the convergence properties of 

ICA, at times it is useful to compute the normalized AMDI 
instead. The normalization is done by the maximum AMDI 
during the estimation phase (typically AMDI at initialization).  

2.2. Inferring Sources from the Mixture 

Once the mixing matrix has been estimated by the AICA 
algorithm, the original sources can be estimated. For quadratic 
ICA, the sources can be estimated by computing the inverse of 
the estimated mixing matrix W, i.e. 

1ŝ W m−=      (2.12) 
For the case of overcomplete mixtures, the recovery of the 

sources is in general not possible. However, for the case of 
sparse super-gaussian sources, once the mixing matrix has been 
estimated, interior point linear programming (IP-LP) techniques 
[2] can be used to determine the best possible estimate of M-d 
sources from m-d mixture where M m> . The technique uses 
interior point LP with an L1 norm based performance functional. 
Standard interior point L2 norm based LP methods can be used 
for this technique according to the following procedure [2,4]: 

  

min
. .

, 0

Tc x
s t
Ax b x= ≥

 ⇒  
1ˆmin

. .
ˆ

s

s t
Ws m=

   (2.13) 

where 
[ ]A W W= − : W is the estimated mixing matrix of dimension 

m M× , note by choice M = n in this case. 

[ ]Tx u v= : represents the M-d intermediate recovered sub-

signals with the constraints 0u ≥  and 0v ≥  

[ ]1 1 Tc = : constrains the recovered M-d sub-signals u and v 

equally, 1  is an M-d vector of ones. 
b m= : m are the m-d overcomplete mixtures. 

The M-d outputs are then determined using the relation 
ŝ u v= −       (2.14) 
Another technique using the shortest path approximation is 
explained in [7,8]. This technique requires less computation than 
the aforementioned technique.  However, in our experience the 
quality of sources recovered using the LP approach is better than 
the latter approach. 
 
2.3. Finding unambiguous BMMR column estimates  
 
Algebraic ICA is a member of a class of data-dependant self-
organizing algorithms. The performance of the algorithm is a 
function of the choice of the initial weights, learning rate and 
most importantly characteristics of the data. While AICA weight 
columns converge to the directions (or columns) of the actual 
mixing matrix in the limit, provided the data is unimodal with a 
high value of kurtosis, and the mixing matrix directions are 
sparse [8]. For data that does not meet these requirements either 
due to lower kurtosis, or due to the actual mixing matrix 
directions being “close” to each other (especially for the 

overcomplete cases), the algorithm does not give the desired 
estimate performance. For such cases, a better estimate of the 
mixing matrix may be derived using more than one trials of the 
algorithm. This technique is also useful for the cases where the 
available data is inadequate for the AICA algorithm to estimate 
the mixing matrix. We propose a stepwise approach for such 
cases as follows. 
 

1. Initialize all the columns of the estimator matrix at the same 
location. For each successive trial, choose a different initial 
location, e.g., one way to do so is to initialize the weights at 
possible m-d binary combinations of 1’s and zeros. For m 
mixtures there are possible 2m-1 such initializations possible. 

2. Execute the AICA algorithm for each initial condition. For a 
sparse mixing matrix, the algorithm converges independent 
of the initialization provided adequate data is available [8,9]. 
In most cases, the algorithm will converge during one of the 
trials. 

3. In case, the algorithm fails to converge for any choice of 
initialization. Note, in a blind scenario we cannot verify this 
condition and multiple trials serve as a mean of estimating 
the mixing matrix with a higher confidence level. The AICA 
estimate for all cases can be post-processed to determine the 
high confidence candidate weight columns, see steps 4 to 10. 

4. Determine the list of “close” columns in all trials. This can 
be algebraically realized by choosing the corresponding 
columns with dot product values above a certain threshold α. 
This threshold α can be chosen as a function of data 
sparseness and the desired resolution of the AICA algorithm. 

5. Concatenate the column pairs with dot products better than a 
higher threshold β, where β α≥  and a common column. 

6. Repeat Step 5 till all possible concatenations are made (this 
may take η -1 iterations for η trials, if 1 combination is made 
each time). 

7. Determine the independent z columns as the mixing matrix 
candidate columns.  

8. The concatenated column cases are given a relatively higher 
rank. The candidate columns are arranged as a function of 
their dot-products values. At this instant, one option is to 
choose the M highest ranked columns as the final mixing 
matrix candidate columns.  

9. In case the final column candidates making the cut are 
smaller than M, deflationary approaches can be used after 
estimation of the output using the mixing matrix estimate. 
The remaining columns can now be determined in a 
consecutive stage. 

10. Alternately when the candidate number of columns is larger 
than M, instead of choosing the columns via ranking, all the 
columns may be used for the source recovery stage, then the 
selection of appropriate outputs is made by measuring the 
independence of recovered outputs, e.g., such an estimate 
can be made using Quadratic Information Measure [11]. 
Note having more columns in the estimated weight matrix 
than the actual number of sources does not affect the 
recovered source quality in the IP-LP stage. 
 
Using the above-mentioned technique, for a 3-d mixture 

space, the mixing matrix with a resolution of better than a 15o 
(approx. 0.25 rad) hyper-cone in the weight space has been 
successfully estimated. See simulation II for some more details. 
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Figure 4. (a) Original 6 speech sources, (b)  Recorded 3 mixtures of speech, (c) Speech recovered using AICA and L1 LP 

 
 

3. SIMULATION EXAMPLES 
 

We present two simulation examples: one using 6 speech 
segments in which words are spoken with certain intervals to 
increase the sparseness of the actual speech signals. The 
recovery of these speech signals from their 3 static mixtures is 
presented. The AICA algorithm is first used to estimate the 
mixing matrix, while the speech sources are inferred using the L1 
norm interior point linear programming [2,4]. 

The second example discusses BMMR for a 6 × 3 mixture 
using independent identically distributed (IID) laplacian sources. 
The motivation in this example are cases where some of the 
mixing directions are “so close” that algebraic ICA algorithm 
cannot discriminate these algebraically adjacent columns due to 
their relatively high overlap (resolution). For such cases, we 
apply the proposed estimation technique in section 2.3. This 
allows for the exploration of the complete mixture bases in an 
orderly and organized manner. 

 
3.1.   Simulation I: Overcomplete Speech Data 
 
For this simulation 6 sparse speech utterances, see figure 4, are 
mixed into 3 sources using a random mixing matrix. For the 
presented results, the mixing matrix is given by: 

 0.6206    0.0765    0.4253   -0.8558    0.9965    0.1594
 0.7619   -0.5920   -0.0675    0.4717   -0.0646   -0.9029
 -0.1856    0.8023    0.9025    0.2126   -0.0523   -0.3991

H
 
 =  
  

 

The AICA estimated mixing matrix was very close to the 
original mixing matrix used with a normalized AMDI of 0.001.  

0.6265    -0.4253   -0.8745    0.0664    -0.1662    1.0038
ˆ 0.7555     0.0707    0.4760   -0.5922     0.8972   -0.0588

-0.1818   -0.9135    0.2216    0.8018     0.4017  -0.0519
H

 
 =  
  

 

The recovered mixing matrix exhibits permutation and also 
sign reversal for some of the sources. The AMDI for the final 
recovered matrix is 0.0103. Also notice that the recovered 

signals from the overcomplete mixture in Fig. 4 are somewhat 
noisy, as compared to the original sources. However, audibly 
each recovered speech segment has one of the sources dominate 
the interference from all other sources. Notice, that there is 
visually more noise in the recovered speech whenever there are 
more active sources than the number of mixtures. The separation 
quality achieved using the LP approach [2] far exceeds the one 
using shortest path method [7,8]. The convergence of the AMDI 
performance benchmark for this simulation is shown in figure 5. 
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Figure 5. Convergence of Normalized AMDI  

 
Observe that the separated quality achieved using separate 

Blind Mixing Matrix Recovery (BMMR) and source recovery 
steps far exceeds other algorithms [1,4], provided a good mixing 
matrix estimate was found.  

 
3.1. Simulation II: IID Laplacian Data 
 
For this simulation 6 IID laplacian sources are mixed by a 
randomly generated matrix of dimension 6 × 3 into three 
mixtures.  We present some of the results where the columns of 
the mixing matrix are close and the matrix is estimated using the 
ambiguity resolution scheme presented in section 2.3.  

For the mixing matrix below the columns 5 and 6 are within 
0.4 rad of each other. AICA is able to estimate the mixing matrix 
successfully using the data from 3 trials. 



 0.0226   -0.4698    0.5311   -0.2640    0.9597   -0.9498
-0.0620   -0.0327   -0.5890   -0.4616    0.0309    0.1029
 0.9978   -0.8822    0.6091   -0.8469    0.1793    0.0021

H
 
 =  
  

 

Figure 6a shows the results using the proposed technique. The 
recovered weight are shown in red, while the cyan shows the 
actual mixing matrix locations. 
 

 
(a) 

 
(b) 

Figure 6. Unambiguous AICA estimate using multiple runs 
 

In another simulation, the mixing matrix is  
  0.0839    0.6345    0.6606    0.9997    0.3875    0.3164
  0.8850    0.6525    0.7506    0.0029    0.1546   -0.0014
 -0.4579    0.2144   -0.0149    0.0248    0.8509    0.9486

H
 
 =  
  

 

where columns pairs 2 and 3; 5 and 6 are within 0.35 rad of each 
other. The AICA can resolve these columns successfully using 
results from 7 trials. The final result is shown in figure 6b. 

 

The performance of the AICA algorithm depends on the 
quantity of preamble data available for estimation of the weight 
matrix. Although the algorithm may be implemented for any 
dimensions, the amount of data required may be immense. In 
such cases, the same data batch may be repeated during the 
weight estimation process provided the data is adequate to 
represent the actual source distributions. The convergence of 
weights certainly depends on the initialization. Another 
observation for lower dimension problems is that there are more 
chances for a weight vector to be trapped between two 
algebraically close data clusters. However, for larger dimension 
ICA problems, the probability of this occurrence is minimum.  
 

5. CONCLUSIONS 
 

We have presented a new Algebraic ICA (AICA) algorithm 
based on the algebraic notion of dot-product. The algorithm 
estimates the static mixing matrix under the assumption that the 
original sources are unimodal and possess positive fisher 
kurtosis. We have demonstrated the proposed AICA algorithm 
for the case of overcomplete mixing where the technique is used 
for BMMR. The original sources are then estimated using 
interior point L1 norm based LP technique. We have also 
presented AMDI, which is a matrix-distance measure to compare 
two matrices, which may be both scaled and permuted with 
respect to each other. Further, we also present a technique to 
determine the BMMR solution when the mixing matrix columns 
are close to each other. The algorithm has been successfully 
applied to the problems where the dimension of mixtures is half 
the number of original independent signal sources. Currently 
algorithm extension using a neighborhood function is being 
investigated for gaussian and sub-gaussian distributed signals. 
The speech data for the example can be accessed at 
http://www.egr.msu.edu/annweb/ica2003 
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